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ABSTRACT 

Superfields in 2-dimensional (2,2)-superspacetime which are indepen- 
dent of (some) half of the fermionic coordinates are discussed in a hope- 
fully both comprehensive and comprehensible manner. An embarrassing 
abundance of these simplest 'building blocks' makes it utterly impossi- 
ble to write down the 'most general Lagrangian'. With some ad hoc 
but perhaps plausible restrictions, a rather general Lagrangian is found, 
which exhibits many of the phenomena that have been studied recently, 
and harbors many more. In particular, it becomes patently obvious that 
the (2,2)-supersymmetric 2-dimensional field theory target space geome- 
tries (many of which are suitable for (super) string propagation) are far 
more general than Kahler manifolds with holomorphic bundles. 
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1. Introduction 

Superfields are used extensively in 2-dimensional supersymmetric field theories. Alas! the 
diversity of conventions obscures the straightforward. In particular, these building blocks 
are frequently obtained by dimensional reduction from the 4-dimensional case, which (by 
far) does not provide for full generality [1] : contrary to some claims in the literature (even 
in book form!) in 2-dimensional spacetimes, (2,2)- (a.k.a. N=2) super symmetry does not 
imply Kdhlerness of the field space! 

An intrinsically 2-dimensional analysis, 'from scratch', is presented here, and provides 
generalizations to the results in the recent literature; see, e.g., Refs. [2,3,4,5]. 

This article is organized as follows: The remaining part of this introductory section 
presents some basic facts about 2-dimensional (2,2)-superspace and sets up the notation; 
further details are found in Appendix A. Section 2 presents a rather rich set of constrained 
superfields in a systematic way, and provides several directions for generalizations. The 
'most general' Lagrangian for the superfields of § 2 (subject to a few hopefully plausible 
restrictions) is given in Section 3, using 'implicitly constrained' superfields, with the de- 
tails of component field expansions deferred to the Appendix B. An alternate, 'explicitly 
constrained' formalism is discussed in Section 4. Section 5 then turns to some relations to 
geometry, in particular that of the target (field) space. Section 6 summarizes the presented 
results and discusses some further topics. 



1.1. 2-dimensional spacetime 

The crucial peculiarity of supersymmetric models in 2-dimensional spacetime stems from 
the fact that the Lorentz group, SO(l, 1), is Abelian and so has only 1-dimensional irre- 
ducible representations: for example, the coordinate 2-vector (a , a 1 ) decomposes into the 

(light-cone) characteristic coordinates a ±i: = f i((i ±(j 1 ). These, in fact, are eignefunctions 
of the (Lorentz boost) generator 1 ), B = f (a 1 9o+cr°9i), of SO(l, 1): 

B a ±± = j 3 (^ ±± ) ^ ±± = ±^ ±± (1-1) 

so that the group element, U a d = e %aB : acts diagonally: U a a ±± = e ±ia a ±± . For brevity, 

we also write cr^ = o~ ++ and o~ = = a~~ . Note that upon the analytic continuation cr° — > zcr°, 
(a^,a = ) — > (z,—z): the light-cone structure becomes a complex structure. Similar argu- 
ments show that all other tensors (spinors) decompose into 1-component objects. Upon 
the analytic continuation to imaginary time, cr° — > ia°, U a becomes the winding number 
(holomorphic homogeneity) operator. The sub- and superscripts "±" then simply denote 
the winding number (spin in real time) in units of \(K). Functions depending on only 
or only o = are called left- and right-movers, respectively, and become holomorphic 
(complex-analytic) and anti-holomorphic (complex-antianalytic) functions upon analytic 
continuation to imaginary time. 



) The eigenvalue of the Lorentz boost operator, B = {a 1 do+a° d\) , extended to total angular 
momentum in the usual way, equals the spin projection, and will therefore be denoted by j'3 
although it does not stem from its 4-dimensional namesake. Moreover, since all representations of 
the 2-dimensional Lorentz group are 1-dimensional, there is no need to distinguish between 'spin' 
and 'spin projection', whence we will call jz simply 'spin'. 
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1.2. (2,2)-superbasics 

The (2, 2) -super symmetry algebra involves the supersymmetry charges Q± and Q±, which 
satisfy (adapting from Refs. [6,2]; comparison with Refs. [7,4] is provided in appendix A): 

{Q±,Q±} = -2id ±± = 2(H±p) . (1.2) 

Here <9 ++ =<9 + d = f ^ = (d +di) and d — =d = d = -£= = (d -d 1 ). p= - %d x = - |(d + -d = ) is 
the linear momentum operator and H= — ido= — %(d±+d=) i s the Hamiltonian (energy) 
operator. Note that p has the usual sign as in Quantum Mechanics, while H has the 
opposite sign; with these conventions, (-E, E) is a light-like 2-vector. 

Equipping the world-sheet with anticommuting fermionic coordinates, ij ± , q^, the su- 
percharges are realized as differential operators on the (super) world-sheet 2 ) : 

Q± = d ± +iq ± d ±± , Q± = -d±-i<±d± ± . (1.3) 

Supersymmetry transformations are generated by the Q, Q's, and implemented (effected) 
by unitary operator 

U ere = exp{i(e ± Q± +e ± Q ± )} . (1.4) 

which, in fact, is a quartic multinomial in the Q, Q's, by virtue of their nilpotency. The 
spinorial derivatives 

D± = d±-iq- ± d± ± , D± = -d ± +i^d ±± , (1.5) 

are covariant with respect to U e ^. Easily, {Q±,D±} = = {Q±, D±}, whereupon 
[U e ,z,D±]=0=[U ere ,D±]. 

Finally the D, D's close virtually the same algebra (|1.2|), as do the Q, Q's: 

{D ± ,D ± } = 2id ±± = -2(H±p). (1.6) 

All anticommutators among the Q±, Q±, D±, D±, other than (|L2|) and (|1.6|), vanish. 

The Berezin superintegrals (over supercoordinates) are by definition equivalent to 
partial superderivatives, and up to total (world-sheet) spacetime derivatives 3 - > (which we 
ignore, assuming world-sheets without boundaries) equivalent to covariant superderiva- 
tives [6,7]. We use: 

|d\[...] d ^ f \[D-,D-][D+,D+][...]\= D%..}, (1.7) 

where "|" means setting = = Integration over a fermionic subspace is formally 
achieved by inserting a fermionic Dirac delta- function, so that: 

jd\[...} =l[D.,D+][...]\, J d 2 q [...} = ±[B + ,D_][...}\; (1.8o,6) 

2 ) Since (d±±) 1 = -d±±, for (Q±) t = Q±, it must be that (? ± ) t = -q* and (d±) + = -B±. 

3 ) Hereafter, 'total derivative' will stand for 'total (world-sheet) spacetime derivative'. 
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|dV[-..] =^[D.,D + ][...]\, Jd\[...] = i[D+,D.][...]\; (1.8c,d) 

|dV[...] =J[£>_,25_][...]| , |dV[...]^|^+^+][---]|- (l-8e,/) 

Clearly, the definitions (1.8c, d) may also be obtained from (1.8a, b) by swapping <-> f + ; 
see below. Similarly, the definitions (1.8e, /) follow from (1.8c, d) upon f + <-> <j _ . As 
expected then, for example, 

jd\[...] = fd\Jd^[..], = -|dV/d 2 U--.]. (1-9) 

Note the negative sign in the second identity, and that the integral measures in (1.8e, /) 
are not (pseudo)scalars; they have spin ±1. Also, a few operatorial identities collected in 
Appendix A will be useful. 

1.3. Super space symmetries 

In more than 2-dimensional spacetimes, Lorentz transformations leave the integrals (1.8) 
unchanged. However, they rotate Eqs. (1.8c)<->(1.8d) and (1.8e)«->(1.8/). 

It is of interest then to examine the discrete symmetries acting on the four-fermionic 
coordinate system, or alternatively, the four covariant super differentials, D-, D-, D + , D + . 
Since the Lorentz transformations act diagonally on the D, D's, they can be treated as 
independent objects in a Lorentz-invariant fashion. Thus, the maximal discrete group 
acting on the D±, D± system by swapping them is S4, the group of permutations of four 
distinguishable objects. The simplest are, of course, the swaps: 

C+ : D + ^D + , C- : D-++D- , (1.10a, 6) 

p : D + ^D_ , p : D+^D- , (1.10c, d) 

q : D_^D + , q : D_^D+ . (l.lOe, /) 

where each of these operations only swaps the indicated superderivatives and leaves the 
other two intact. Also, it should be clear that [C + , C_]=0, [p,p]=0 and [q,q]=0. Fur- 
thermore, e.g., pC-p = C-pC- = q, and pC + p = C + pC + = q. 

There are additional discrete transformations involving time-reversal, T, which acts 
by T(d^) = —d = and T(d = ) = —d^. Since time-reversal squares to the identify, T 2 = 1, 
it will 'double' the group of discrete transformations of the D±,D± system, and we call 
this group 2S4. 

Notice that the familiar (ambidexterous) complex conjugation, C, may be expressed 
as C=C- C+. This operation exchanges the integrals (1.8a)<->(1.86) and (1.8c)<->(1.8d), 
but leaves (1.8e) and (1.8/) intact. 

Similarly, the full parity (spatial reflection), P, may be expressed as P=pp, and it is 
easy to show that [C, P]=0, as should be the case. P exchanges the integrals (1.8c)<->(1.8d) 
and (1.8e)<->(1.8/), but leaves (1.8a) and (1.86) intact. 
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Also, the combined parity and complex conjugation, CP = qq, exchanges the inte- 
grals (1.8a)«->(1.86) and (1.8e)<->(1.8/), but leaves those in (1.8c) and (1.8d) intact. 

It is very important to realize that the operators (1.10) are defined there to act on the 
'soul' of the (2, 2)-super-Riemann superface, i.e., the fermionic coordinates and so the su- 
perderivatives acting on them. However, the relation between the superderivatives and the 
world-sheet derivatives (|1.6|) induces an action on the 'body' too, i.e., on the world-sheet 
coordinates. In the often used Euclidean incarnation, (a+, a = ) — > (z, —z), what was called 
'parity' (the unidexterous p and p, and the ambidexterous P) becomes (another!) com- 
plex conjugation. While the induced action of C± and C on the world-sheet coordinates 
(a^,a = ) is trivial (since the supersymmetry relations (|1.6|) are Hermitian), the induced 
action of p, p and P is not! These do become the (unidexterous and ambidexterous, 
respectively) complex conjugations when acting on the Euclideanized 'body', i.e., bosonic 
world-sheet coordinates, but remain parity (spin-flip) in the 'soul', i.e., the fermionic coor- 
dinates. Foremost, they are independent from the C± and C. The unaware Reader should 
be cautioned that the careful distinction between these operations is sometimes muddled 
in the literature. 

Finally, the Lorentz boost group element (generalized, as usual, to include spin) U a = 
e iaB satisfies U a Up = U {ce+/3) so [U a ,Up] = 0. Also, [U a ,C±] = 0, but U a P = PU' 1 . 
Thus, the usual super-Poincare group is extended by the various discrete symmetries (1.10) 
and time-reversal, T, so that the discrete subroup is 25 , 4 . 

The discrete symmetry, S4, generated by the swaps (1.10), is part of the continuous 
GL(4, C), the GL_(2, C)xGL + (2, C) supgroup of which then commutes with the Lorentz 
symmetry. I defer the study of such continuous transformations to a later opportunity. 

2. Haploid Superfields 

General superfields are (super) functions of (a , a 1 ; <^ ± , f ± ). Akin to complex-analytic (holo- 
morphic) functions depending only on the complex-analytic half of complex variables, we 
define haploid superfields to depend only on (some) half of the four fermionic coordinates 
S , Models that involve such 'super- ho lomorphic' superfields exhibit a much better 
quantum behavior, not unrelated to the special features of complex-analytic functions [6,7]. 

2.1. First-order constrained haploid superfields 

As the Lorentz transformations in 1+1-dimensional spacetime leave the four s , ^ inde- 
pendent of each other, there exist six distinct types of hapliod superfields (as ( 2 ) = 6), all 
of which are annihilated by (some) half of the superderivatives: 



1. 


Chiral : 




= 




(2.1a) 


2. 


Antichiral : 




= 


= , 


(2.1b) 


3. 


Twisted-chiral : 


D+E 


= 


= D.E, 


(2.1c) 


4. 


Twisted-antichiral : 


D+E 


= 


= D_E , 


(2.1d) 


5. 


Left on : 


D-A 


= 


= D_A , 


(2.1c) 


6. 


Righton : 


D+T 


= 


= D+T . 


(2-1/) 
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The first four pairs of superconstraints simply restrict $, $, S, S to be independent of two 
of the fermionic coordinates q, up to total derivatives. 

By contrast, of the last two superconstraint pairs, each one includes also a spacetime 
derivative constraint (see below): 

Eqs. (2.1e) 3 {d = A = 0} , Eqs. (2.1/) 3 {<9 + T = 0} . (2.2) 

As a result, the component fields in the lefton superfield A are functions of only ('holo- 
morphic', i.e., 'left-movers'), whereas those in the righton superfield T are functions of 
only a = ('anti-holomorphic', i.e., 'right-movers'). We return to this below, after defining 
the component fields. 

We will also encounter an even more restricted type of superfields, which depend only 
on one out of the four q's, and so are annihilated by three superderivatives: 



1. 


Chiral Lefton : 




= D-$ L 


= D-% = 


, 


(2.3a) 


2. 


Antichiral Lefton : 


D + \ 


= D_\ 


= D_\ = 


o, 


(2.36) 


3. 


Chiral Righton : 


D-% 


= D+% 


= D + % = 


o, 


(2.3c) 


4. 


Antichiral Righton : 




= D+* R 


= D+K = 


. 


(2.3d) 



Depending only on some quarter of the supercoordinates <r, we call them quartoid super- 
fields. Clearly, they may be considered as special cases of the haploid ones (|2.1|): e.g., <& L 
may be regarded as a _D_ -annihilated chiral superfield, a -D_-annihilated twisted antichiral 
superfield, or a Z}_|_-annihilated (i.e., chiral) lefton. We adopted this last nomenclature in 
virtue of its simplicity and the fact that it also alludes to the implicit spacetime constraints 
d = Q L = = d=$ L and d^ R = = d^<& R . The Reader may prefer the obvious twisted 
analogues: E L = $> L , E R = $ R , E L = $ L and E R = \ . 

A disclaimer is in order: our purpose thus far was merely to list the logical possibilities. 
The quantum theory of the unidexterous fields defined in Eqs. (|2.1e, /] ) and ( |2.3a— d|) may 



indeed seem curiously cumbersome, owing to the ocurrence of the spacetime constraints as 
exemplified in Eqs. ( |2.2| ). For unidexterous spin-0 fields ('chiral bosons') and their (1,0)- 
and (l,l)-supersymmetrizations see Refs. [8,9]; Ref. [10] offers some welcome clarifications 
about the dynamics and symmetries involved and an updated reference list on the topic. 
We merely remark that the constraints may be regarded as generators of a gauge symmetry, 
with the transformations: 

8 = A = -> 5 A = K=(d = A) , 

(2-4) 

a + r = o -> 5T = K+(d + x) . 

This gauge invariance then ensures the proper decoupling of the unwanted degrees of free- 
dom. Thus, a well-defined quantum field theory model involving unidexterous (super)fields 
must be invariant with respect to the chiral gauge symmetry ( |2.4|) . 

Seeking generality, our approach will then be as follows: at first, we ignore the unidex- 
terous quantization issues. We then return to these issues in a simple setting and discuss 
some of the implications. Relying on the general and powerful machineries such as the 
operatorial quantization (see Ref. [11] and the references therein), we defer the (careful 
tedium of Ausarbeitung of the) covariantization of (a suitable subset of) the present results 
with respect to ( |2.4| ) and a full treatment of the (super) constraint effects to a later effort. 
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2.2. Superfield symmetries 



In more than 2-dimensional spacetimes, Lorentz transformations leave the pair of super- 
constraint superderivatives ( |2.1a, b\) (and so also $) unchanged. However, they mix 
those in Eqs. ( |2.1c| )*->( |2.1dD and (|2.1e|) <-> (|2.1/p . So, for example, requiring a superfield to 



satisfy Eq. ( |2.1cp implies, upon a suitable Lorentz transformation, that the same superfield 



must also satisfy (|2.1d|) , whereupon it follows that it must be a constant. The same applies 
to the Eqs. ( |2.1e, /] ). Only chiral superfields and their conjugates remain viable haploid su- 
perfields when spacetime has more than two dimensions. Conversely, 5, S, A, T cannot be 
obtained by dimensional reduction; their existence is exceptional to (2,2)-supersymmetric 
(<)2-dimensional spacetime. 

Now, complex conjugation 4 \ C, leaves the superconstraints ( |2.1e, /] ) invariant, while 
exchanging (|2.1a|) <->- @.16|) and G2.1d.) <-> (|2.1d|) , and so and S<->S. Thus, $, $ and 



S, S are complex conjugate pairs, while A and T remain unrelated. So, while in general 
complex, the unidexterous superfields A and T may be chosen to be real or imaginary. Note 
that the 'left-handed conjugation', C+, exchanges $<->S and while the 'right-handed 

conjugation', C_ exchanges $<->S and and both leave A, T intact. 

On the other hand, parity, P, reflects spin (+<->•—). Therefore, it exchanges 
Eqs. (|T3)^(|2JJ) and (|2TT^) ^( TOT) , and so S^S and A^T, but leaves Eqs. (|2.1a,fl ) 



unchanged. That is, S, S and A, T are paired by the left-right parity, P, while $ and $ 
remain unrelated. Note that the 'unconjugate parity', p, exchanges £<-^A and S^T, while 
the 'conjugate parity', p exchenges S<->Y and S<->A, and both leave $, $ intact. 

However, since C commutes with P, in C-invariant models $ and $ must trans- 
form identically under the action of P and any other symmetry that commutes with 
C. Similarly, in 'left-right-symmetric' (parity-invariant) models, A and T must transform 
identically under the action of C and any other symmetry that commutes with P. 

Besides the S4 group of discrete symmetries (1.10) and time-reversal T, there may also 
exist discrete or continuous transformations operating entirely in the (super)field space. 
The fact that the unidexterous superfields ( |2.1e, /] ) and ( |2.3| ) obey a world-sheet spacetime 
constraint sets them apart form the others ( |2.1a — and there can be no transformation 
in the superfield space which would mix the ambidexterous superfields ( [2.1a— d\) and the 



unidexterous ones (|2.1e, /] ) and ( |2.3| ). This also means that we cannot require of models 
to be p,- p,- qr,- or q-invariant. Further symmetry considerations (and especially gauging) 
are beyond the scope of this paper, but we note that C-invariance ensures that ($,$), 
(H, S), ($ L ,$ L ) and ($ R ,$ R ) all come in (conjugate) pairs. It is C + - (or C_-) invariance 
that would also require that the (anti)chiral and twisted (anti)chiral superfields are paired. 
No such restriction ensues for the unidexterous superfields A, T. 



4 ) In 2-dimensional spacetime, hermitian conjugation is complex conjugation and transposition 
(including derivative action to the left), without parity or time-reversal. 
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2.3. Component fields 



The fermionic coordinates being anticommutative, they are also nilpotent, and so 

only non-negative powers make sense. Moreover, all Taylor series over s^,^ must termi- 
nate with the s~^ + <; + <;~ term. Thus, superfields are always analytic, in fact, multinomials 
of finite (up to quartic) order over ^ r± . 

Superfield components 

The component fields are defined as the super- Taylor expansion coefficients 

d £ $| , V± = ^Afc$| , F ^ \D.D + <5>\ ; (2.5a) 

= *| , &b = -j= 2 D ± <l>\ , F d ^ \D+D_$\ ; (2.56) 

are the component fields of the chiral and antichiral spin-0 superfield. Note that both 
F, F change sign with respect to the parity, P; that is, F, F are pseudo-scalars if the 
lowest components, 0, 0, are scalars. Complex conjugation on all components of a chiral 
superfield may (and herein will) be carried only by the index. That is, we write (f> ^ (p^ - , 
4 } ± ~ *■ F — > F&. Component field content is also specified by $ = ((f);ip±; F) and 
$ = (</>; tp±; F), leaving the numerical tedium of y/2 factors and such up to the Reader's 
preference. 

Next, 

* = S|, £- = ^-S|, x+ d £ J^D+Z] , X d ^ ±D_B + Z\ ; (2.5c) 

^_ def ^.si , x + d =l f -±=D + S| , X d ^ f i£> + S_S| ; (2.5d) 

are the component fields of a twisted chiral and a twisted antichiral spin-0 superfield. 
The fields X, X change sign (are pseudoscalar) with respect to the combined parity and 
complex conjugation, CP, if x, x are scalars with respect to it. Complex conjugation on 
the components of a twisted chiral superfield may again be carried only by the index, 
at the expense of labeling the <r _ - and the f + -components by different characters 5 -*, as 
was done in ( |2.5c, a] ). Appending indices is then straightforward: x — > x a , — > 



— > x+ an d -X" — ► A a . As with the chiral superfields, we may write S = x+; A) 

and E = (x; x+; A). 

Finally, we define 

* = A|, A+^^D+AI, Xh^^+AI, L + ^J[D + ,25 + ]A|; (2.5e) 



and 



-T|, P _ d =i f -j=nr\ , e+ d =l f iS_T| , ^^i^.^.jxi ; (2.5/) 



5 ) The alternative is to meticulously retain the 'dot-over' on spin indices stemming from the 
D's, as was done in Ref. [4]; for some further details, see the appendix A. 
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are the component fields in the lefton and righton superfields. Note that both L^, R = 
change sign under complex conjugation if £, r do not: L±, R = are imaginary if £, r are real. 
In general, however, these superfields and their components are complex. Components of 
the conjugate superfields are defined as hermitian conjugates of ( |2.5e, /| ), and so 

*=A|, A+^^+AI, A + ^^ + X|, L^i[D + ,D + ]A\; (2.5e) 

and 

r = T|, p_ d ^ , g+^^D-fl, R = ^ J [D_ , £_] T| ; (2.5/) 

Again, we may write A = (£; A+, A+; L^) and T = (r; p_, £>_; i?=), and A = (£; A + , A + ; L^) 
and T = (f; p_ , ; .R = ) . 

A remark is perhaps in order. The astute Reader must have wondered about the 
seemingly unequal definitions of L^,R = in ( |2.5e, /[) , as compared to those of F, F,X, X 
in Eqs. ( |2.5a, 6, cT^) - Since, e.g, -D+] = 2D-D + , the original definition of F in ( p.5a| ) 
is merely a minor simplification of F = |[-D-, -D+]$|, and the analogous applies to the 
definitions ( |2.5&— cj ). However, since [Z?_|_, -D+] = 2_D_|_Z?_|_ — 2^(9^, the definitions of L^,R = 
in Eqs. (|2.5e, ,/] ) imply 

£> +J D + A| =id + A\ + ±[D + ,D+]A\ =id + £ + 2L + , (2.6a) 

ZA_Z)_T| = zd = T| + -D_]T| =-ia = r + 2i? = . (2.66) 

These definitions will produce more symmetry in derivations of Lagrangian densities. 



Component diagrammatics 

In analyzing the component field content of constrained superfields, the Reader may find 
it convenient to use the diagram in Fig. 1. A component is obtained by acting on the 
superfield with one of the operators from the diagram, and then setting £ ± =0=<r t - 



^/ [D_,D_] 
D_<^7 [D_,D + ] [D-,D-]D+- 
D-C/S [D_,D+] [D_,D_]D + 
D + ^^ [D + ,D_] <C>> [D +/ p + ]D- 
D + ^^ [D + ,D_] [D +/ D + ]D_ 
^ [D +/ D + ] ^ 



Figure 1. The sequence of multiple superderivatives used in defining component 
fields. Component fields of conjugate superfields are found using the hermitian 
conjugates of the operators shown here. 



Applying further (super) derivatives merely produces total derivatives of the already 
obtained component fields. In this sense, the component fields, onto which the operators 
in the diagram in Fig. 1 project (upon setting <^ ± =0=f ± ), are independent. The Reader 
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of a more mathematical persuasion may appreciate the fact that the diagram in Fig. 1 
shows the projection operators (with the setting of <^=0=^ understood) on the components 
of A*V, where V is a 4-dimensional vector space spanned by D±,D±. The diagram itself 
then represents the exact sequence 

A 3 V 



1 -> V 



A 2 V 



A 4 V . 



(2.7) 



Using the diagram in Fig. 1 as a guide, the components of a general, unconstrained 
complex superfield A may be listed as 



A 



a 



\ 





A = 




A 


a_ 




a+ 


A± 


a+ 


A 







\ 



[2.1 



J 



Note that the subscripts on A T ,A± indicate that they were obtained from [D-, D+] A| 
and [D+, D_]A\, respectively. Finally, the numerical coefficients, as in ( |2.5a|) , are herein 
set: A= for every superderivative, and \ for every commutator. Thus, for example, 



def 



75 5 - A l 



A A ^\D.D + A\ 



At = hD+D-M 



A= f t;D + D-A\ 



def 



^[D + ,D + ]D.A\ 



(2.9) 



etc. 



The minor simplifying departure in Eqs. ( j2.5c, dj ) from this convention, which dictates 
X T ,X± instead of the simpler X, X, hopefully causes no undue confusion. 



Elimination of component fields 

Consider, for example, a superfield annihilated by -D_|_. The component fields obtained by 
projection after acting with some superderivatives including D + either vanish or become 
total derivatives of 'lower' components. All these components are connected by the criss- 
cross lines in Fig. 1, following to the right of D + ; they are shown in the shaded area of the 
diagram in Fig 2. 



^ [D_,D_] 
D-<V [D-,D+] [D-,D_]p + 
D-C/S [D_,D+] [D_,D_]D + 

? + W Sc> [ D +'P+ip- 

D + ^^ [D + ,D_] 4^ [D +/ D + ]D_ 
^ [D +/ D + ] ^ 



Figure 2. The (independent) component fields eliminated by the superconstraint 
D + ^=0 are obtained using the derivatives in the shaded area. Thus, the su- 
perfield \&, satisfying D + ty=0 retains the independent components obtained by 
projection with the unshaded superderivatives. 
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The superconstraint of being annihilated by D_ on the other hand eliminates the 
(independent) component fields obtained by projection with the derivatives in the shaded 
area of the diagram in Fig. 3. 




[D-,D_] 




-7 [l>-,l>+\ 








^ [D +/ D_] 




e p +/ d_] 




^ [D +/ D + ] ■ 




[D- / p_]D + 
[D_,D_]D + 
[D +/ D + ]D- 
[D +/ D + ]D_ 




Figure 3. The (independent) component fields eliminated by the superconstraint 
D-^=0 are obtained using the derivatives in the shaded area. 



The chiral superfield, $, satisfies both D_|_$=0 and D_$=0, so the (independent) 
component fields eliminated by both superconstraints are in the union of the shaded areas 
of Figs. 2 and 3; this is shown in Fig. 4. 




[D_,D_] 
[D-,D+] 
[D-,D + ] 
[D +/ D_] 
P +/ D_] 
[D +/ D + ] 




[D- / p-]D + 
[D_,D_]D + 
[D +/ D + ]D. 
[D +/ D + ]D_ 




Figure 4. The (independent) component fields eliminated by the superconstraint 
pair D_$=0=-D-|-$ are obtained using the derivatives in the shaded area; their 
overlap is shaded darker. Unshaded remain the operators which project on the 
independent components of the chiral superfield, $: see Eqs. ( |2.5a| ). 



Note that there is an overlap of the two shaded areas: the derivatives projecting onto 
the component fields that are elliminated both by D + Q=0 and by L>_$=0. Presently, this 
is of no concern, but will turn up again later. 

Clearly, the component field content of all constrained superfields ( |2.1| ) and ( |2.2| ) can 
be treated in much the same way. Unfortunately, while this does give a quick indication of 
the independent component field content, it does not specify the dependences. For example, 
such diagrams do indicate that the right-hand side of Eq. ( |2.6a| ) is a linear combination 
of and a derivative (clearly, d^) of a component field two columns to the left in the 
diagram (clearly, £). Such diagrams, by themselves, do not however specify the numerical 
contstants of the linear combination, here '2' and l i\ respectively. These details, while not 
difficult to guess, should be verified by direct calculation. 
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Unidexterity superconstraints 

We have noted before that the pair of superconstraints ( [2. Id. ) includes the spacetime con- 
straint, d = A = 0, and that Q2.1./1 ) similarly includes d^T = 0. The quick argument based 
on _ 

fl_ A = j=* D _ D _ A = Q l*{D-,D-}A = 2td = A = 0, (2.10) 

is somewhat misleading in suggesting that (<9 = A)=0 is somehow a consequence of ( |2.1e| ), 
and so a secondary constraint; a clarification may thus be welcome. To that end, let us 
study the content of Eqs. (|2.1e|) on the component fields. Start with an unconstrained 
(general) superfield, A, and define 'J' to mean setting ^~=0=^~, but leaving intact. 
Then, we define the (still q + -dependent!) s~ , q~ -component (0,2)-superfields: 



A 



-AJ, X-^^D.kl, A_ d ^5_Aj, L = H f i[D_,5_]Aj , (2.11) 



or A = (A; A_,A_;L = ). 

Now project on the <r - , <T~ -component constraints (components of D_A = 0): 

= (D_A)\ = V2X_ , (2.12a) 

= ^D_(D_A)\ = ^(0=A) + V2L = , (2.126) 

= \[D_,D_)(D_A)\ = ^(d=A_) , (2.12c) 

and of D_A = 0: 

= (D_A)J = v^A- , (2.12d) 

= -^D_(D_A)\ = ^(d=A) - V2L = , (2.12e) 

= l[D_,D_](D-A)\ = , (2.12/) 

where is the equality of the enforced (super)constraint. We have used only the operatorial 
identity 

{£>_,£>_} = (), [D-,D-]D- = {D-,D-}D- , (2.13) 

and its conjugate. 

Clearly, the sum of Eqs. (|2. 12fc| ) and ( |2.12e| ) equals the spacetime constraint, d = A 0, 

for all of the haploid (0,2)-superfield A. Their difference produces L— = — which is 
in point of fact also contained both in ( |2.12a|) and in fl2.12d[) . To summarize then, the 
superconstraints ( |2.1e|) contain the (simple) constraints: 

(<9 = A)=0, and A_,A_,L = = 0. (2.14) 

That is, the vanishing of three quarters (A_,A_,L = ) of the unconstrained superfield A 
and the vanishing of the right-moving modes of all the component fields in the haploid 
superfield A are all contained in Eqs. fl2.1dj ; their content is identical to that of Eqs. ( |2.14|) ! 
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Thus, the various stages (columns) of the 'derivation' (|2.10Q are consistent, but also 
unnecessary. Eqs. ( |2.14| ) merely expand the original superdifferential system ( |2.1e| ), which 
contains all the (super) constraints; there are no further, induced, (super) constraints to be 
derived in the Lagrangian formalism used here. The strategy in the Hamiltonian (Dirac, 
BRST, etc.) formalism will depend crucially on the conjugate momenta, and so on the 
choice of the Lagrangian density. This again is beyond our present scope, as we seek 
to present the (reasonably) general case rather than belabor the details — and consequent 
restrictions — of specific models. 



Quartoid superfield components 

The component fields of the quartoid superfields ( |2.3| ) are easily obtained, by truncation, 
from those of the haploid ones ( [2.5| ): 



def ^ , 




def 




(2.15a) 


def ^ | 

L 1 ) 




def 




(2.156) 


def | 

R 1 1 


^R~ 


def 




(2.15c) 


def ^ | 

R 1 ' 


4- 


def 




(2.15d) 



All the superfields defined in Eqs. ( |2.1| ) and (|2.3| ) are spin-0 superfields, in that 
their lowest components ( |2.5|) are all spin-0 fields. For these to be standard physical 
(pseudo) scalar fields, we fix their canonical dimension to be the standard 0. Thence, the 
canonical dimensions of all spinors in (|2.5| ) is the standard 



2.4- Spinning superfields and superdifferential relations 

The Eqs. ( |2.1| ) define scalar superfields, i.e., the lowest component fields of $, S, 3, A, T 
are scalar fields. It is easy to endow the whole superfield with (overall) additional spin, 
say $ — > $ + , so that the lowest component $ + | = <p + has spin +| (see appendix A). 
Next, it is also possible to relate the (anti)chiral and the twisted (anti)chiral superfields 
via a superdifferential relation. For example, let $ + be a spin-up (overall spin +|) chiral 

superfield; then 3' ^ f (D+& + ) is a scalar (overall spin 0) twisted chiral superfield, since 

D + (D+$ + ) = = D-(D+$ + ) . (2.16) 
In particular, note that although D + <& + = 0, 

D + (D + $+) = (2id + - D + D + )$+ = 2id^ + ^ . (2.17) 
This then implies that there will exist (differential) relations among the component fields 



of $+ and H' = f as follows: 

x' = Z'\ = (D + <f>+)\ = V2^+, 
C d = f j-D.*\ = ±(D_D + <S>+)\ = , 

X' d = \D_D + E!\ = ±(D_B + D + $+)\ = V2i(d^t) . 

Also, since the canonical (scaling) dimension of D± and D± is [D±] = [D±] = +|, 

the component fields in S' = f will have their canonical dimensions shifted by +^ 

compared to those in $ + . For example, the lowest component of $ + is the spinor <p + and 
so should (in 2-dimensional spacetime), have [<^ + ] = 2 ; then [ip±] = 1 and [F + ] = |. Thus, 
[x'j = 1, = |, and [X'] = 2 — none of which are the 'correct' canonical dimensions of 
physical (propagating) fields in 2-dimensional spacetime. If a mass/energy parameter, m, 

is available in the model, the rescaled superfield S = f -^(D + & + ) has component fields of 
'correct' (physical) canonical dimensions. 

Alternatively, with S a scalar (overall spin-0) twisted chiral superfield, $ + = f (-D+S) 
is a spin — | chiral superfield since 

D + (D+E) = = D.(D+E) . (2.18) 
Again, the component fields of H and $ + = f (-D+S) are related as follows: 





def 


$ + | = (B+Z 


)| = V2~X+ , 




def 




js{D-D + E)\ = V2X , 




def 


73 5 +*+l = 


-^(D+D+Z) \ = V2i(d + x) , 




def 


\D_D + <$> + \ 


= ^(D.D + D + E)\ = V2z(d + ^) 



Again, the canonical (scaling) dimensions of the component fields of <E>+ = (D + E) will 
each have their canonical dimensions shifted by +| compared to those in S. So, if all 
the component fields of S have 'correct' canonical dimensions, not all of those of <E> + do. 
Whilst [0+] = [x+] = \ is the correct canonical dimension for a dynamical spinor, and 
[V^] = = 1 and [ip] = [F] = 1 are correct for a component of a vector and an 

auxiliary field, respectively, [F + ] = [c^£_] = | is too high for a dynamical spinor. 

This suggests that superderivatives of superfields generally have fewer dynamical com- 
ponent fields than the original superfields. Furthermore, the unphysical canonical dimen- 
sions of the component fields of superderivative superfields allow for higher derivative terms 
in the action. Throughout this article and with one noted exception below, we will include 
such superderivative superfields only if this does not lead to higher derivative terms. 
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Note that no superderivative of either of $, $, S, S satisfies the unidexterous super- 
constraints ( |2.1e, /] )■ Thus, it is not possible to construct lefton or righton superfields from 
the (twisted) (anti)chiral superfields $, $, S, S. 

Conversely however, superderivatives of leftons and rightons do satisfy some of the 
(twisted) (anti)chiral conditions. In fact, these are annihilated by three superderivatives 
and are quartoid, no longer merely haploid, superfields. Thus: 

• (jD+A) is a chiral lefton (|2.3a|) , and (D+A) an antichiral lefton (|2.3fcQ , 



• (D_T) is a chiral righton (|2.3c| ), and (Z)_T) an antichiral righton ( [2.3a] ). 
2.5. Second-order constrained superfields 



The hitherto discussed and thoroughly familiar (anti) chiral superfields ( |2.1a, 6| ), their some- 



what less well known twisted counterparts ( |2.1c, oQ , and the unidexterous fields ( |2.1e, /] ) 
and ( EOl) , are all defined by satisfying a system of first order super constraints. Clearly, 
there is more. 

The obvious generalization of the (quite simple) first-order superconstraints ( |2 . 1| ) 
and ( EOp are the (equally simple) second- order superconstraints: 

(2.19a) 
(2.196) 
(2.19c) 
(2.19d) 

, (2.19e) 
. (2.19/) 

These are called 'linear', or as better befits the extendedness of their defining supercon- 
straints in comparison with ( |2.1|) , 'non-minimal' [12,7,13]. Note that the 'minimal' haploid 



1. 


NM-Chiral : 


d+d_q 




, 


2. 


NM- Antichiral : 


D-D+O 







3. 


NM-Twisted-chiral : 


D+D-Tl 




o , 


4. 


NM-Twisted-antichiral : 


D_D + Ti 




o , 


5. 


NM-(Almost)-Lefton : 


[D-,D-] 


A 




6. 


NM-(Almost)-Righton : 


[D+.D+] 


U 





superfields ( |2.1| ) obey the second-order superconstraints ([2.19| ), but that the non-minimal 
ones (|2.19|) do not obey the first-order superconstraints (|2.1|). 

Again, the latter two of the superconstraints ( |2.19| ) are set apart from the former 
four, although the divide is not as sharp as between the 'minimal' unidexterous super- 
fields (|2.1e, /] ) from the ambidexterous ones ( 2.1a— dj) . To see this, let us examine their 
component field content. 

Ambidexterous non-minimal superfields 

The component field content is straightorward to obtain, only this time there are more 
component fields than in Eqs. ( |2.5|) . For example, 



t d = e| , e ± d ^±D ± &\, tf ± ^i3 ± e|, 

T d = \D-D + Q\ , T T d = \D-D + Q\ , T± d = \D + D_Q\ 
T = d ^l[D_,D_]Q\, T + d ^liD + ,B + ]<d\, 
r- = ^[D_,D_]D + Q\ , r + ^ -±=[D + , D + ]D_e\ . 



(2.20a) 
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Note that the ± and =F substripts on T± , T T indicate single components, whereas the ± 
on the fermions 0± 1 $± 1 r± indicates a choice of spin +| and —\. Similarly, 

def def \ n n i def i =: „, 

v = n| , tt ± = -^D±n\ , w± = y5^)±n| , 
p d = i^.D+ni , p t d = \D_D + n\ , p d = \D + D-ii\ , 

(2.206) 

p = d =i f J[D_,i5_]n| , p + d = J[i> + ,i5 + ]n| , 
^_ d ^ f ^[p>_,pL]p> + n| , ^+ d = ^[i> + ,l5 + ]i>-n| . 

The component fields of O and IT are then obtained by hermitian conjugation. 




[D_,D_] 
[D-,D + ] 
[D-,D + ] 
P +/ D_] 
P +/ D_] 
[D +/ D + ] 




[D-,D_]p + 
[D_,D_]D + 
[D +/ D + ]D. 
[D +/ D + ]D 




Figure 5. The (independent) component fields eliminated by the superconstraint 

are obtained using the derivatives in the shaded area. 
The unshaded derivatives project on the independent component fields of O, as 
defined by Eqs. (2.20.) 



Note that the shaded area of Fig. 5 coincides with the darker shaded area of Fig. 4. 
Indeed, trivially so: the former covers the derivatives defining the component fields elimi- 
nated by projection with D + D-, the latter — with either of D + , D-. 

Comparing the component field content of corresponding superfields, the non-minimal 
superfields (|2.19a— o] ) contain three times as many component fields as do the 'minimal' 
ones ( |2.1a— d| ). As it turns out, however, with rather typical Lagrangian densities for such 
superfields (even when interacting with some of the others), the equations of motion for 
the 'extra' component fields turn out to be algebraic (see, e.g., Ref.[7], p. 200). This allows 
an easy ellimination of all the 'extra' component fields, and the remaining component 
field content of the non-minimal superfields (|2.19a— o] ) turns out to be identical to their 
'minimal' counterparts ( |2.1a— cf ) . To indicate this, we may list the component field context 



as 



e 
e 
n 
n 



M±;T:^ ± ;T t ,T ± ,T = ,T + ;t±) , 
M±;T:tf±;T T ,T ± ,T = ,T + ;f ± ) , 
(p;tt_,zx7 + ;P : t*7_, tt + ; P t , P, P = , P + ; tp_, <p + ) 
(P;tt-,vj + ;P : W-, tt + ; P, P±, P=, P + ; <p_, <p+) 



(2.21a) 
(2.216) 
(2.21c) 
(2.21d) 



-15- 



where the colon separates off the 'extra' component fields by which non-minimal superfields 
differ from their 'minimal' counterparts. 

Thus, the physical component field content warrants the adjective 'haploid' also for the 
non-minimal superfields, as they depend on the 'other half of the four supercoordinates, 
q , q^ only by the inclusion of auxiliary component fields. 

Furthermore, the non-minimal superfields ( |2.19|) are dual to their first-order con- 
strained counterparts ([2.1]) (see, e.g., Ref. [7], p. 200). This tempts a straightforward 
dismissal of the non-minimal superfields. However, while the use of these non-minimal 
superfields instead of the 'minimal' ones seems to merely harbor unnecessary toil, there do 
exist distinct benefits of using the 'minimal' and the non-minimal superfields together [13]. 
We will therefore include them in the subsequent analysis, where appropriate. 






^ [D_,D_] ■ 




7 [D-,D + ] 




2> [D_,D + ] 


D+ v ; 


[D +/ D_] • 






^ [D +/ D + ] 




[D_,D-]D + 
[D_,D_]D+ 
[D +/ D + ]D- 
[D +/ D + ]D_ 



Figure 6. The darkest shade indicates the derivatives defining the (independent) 
component fields eliminated by the superconstraint D+D- O=0. The medium 
and lightest shade indicate the two groups of derivatives which jointly define the 
'extra' component fields. Compare this with Fig. 4. 

The above results are displayed diagrammatically in Fig. 6. Note that the deriva- 
tives in the lightest and medium shaded areas separately each have the structure of the 
derivatives defining the (independent) component fields of a 'minimal' chiral superfield. 
This motivated the realization that the definition ( |2.19a|) is invariant with respect to the 
(rather peculiar) inhomogeneous gauge transformation 

50 = +q+$ + , where D ± $_ = = D±$ + , (2.22a) 

parametrized by a spin ±| pair of chiral superfields, $±. Indeed, the (independent) 
components of and are projected precisely by those derivatives which are 

located in the lighly- and medium-shaded area of Fig. 6 — the 'extra' component fields of 
O. The component fields in $± then can be used to gauge away the 'extra' component 
fields in O. In other words, 

6 mod (<T$- + <^$+) ^ $ • (2.23) 

By the same token, the definitions ( |2.196— d\) are, respectively, invariant with respect 
to the following inhomogeneous gauge transformations: 



50 


= q~ 






where 


L>_ 


$± 


= 


= D + $ ± , 


(2.226) 




= q~ 




+ , 


where 


D_ 




= 


= D+E ± , 


(2.22c) 


<m 


= q~ 




+ , 


where 


D_ 


■S± 


= 


= D+Z ± . 


(2.22d) 
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Of course, most Lagrangian densities will explicitly violate this gauge symmetry ([2.22 ), 
and a possible use of this gauge symmetry remains an open question for a later study. 



(Almost) Unidexterous non-minimal superfields 

Before we specify the component field content of the non-minimal superfields ( |2.19e, /]) , 
let us examine the content of the second order superdifferential contraints (|2.19e, /p . To 
this end, consider a previously unconstrained general (2,2)-superfield, A with (still <^ + , q + - 
dependent!) component (0,2)-superfield content A = (A; a_, d_; A—), and project on the 
components of [D-, D-]A: 

= ([D-,D-]A)\ =A = , (2.24a) 








(^£>_ [£>_,£>_] A) J = -2z(d = a_) , (2.246) 
(^D_[D_,D_]A)\ = +2z(«9 = a_), (2.24c) 



= (i[£>_,D_][J5_,D_]A)J = -(dlA) . (2.24a 1 ) 

The component fields are easily defined in analogy with Eqs. (|2.2C| ), and we denote 
them A = (a; a+, a + ; : a-, a-; A = , A, A T , A±, A; @+, @+). 

Just as with the ambidexterous non-minimal superfields, the defining supercon- 
straint ( |2.19e|) is again invariant with respect to the inhomogeneous gauge transformation 

5A = q'Al + q~A 2 _ , where L>_A l _ = = D_At_ , i = 1, 2 , (2.22e) 

which precisely suffices to elliminate the 'extra' component fields, a_, a_, A = , A, A=p, A±, 
A, @ + , @ + , all of which are contained in ct_ and a_. The remaining component fields are 
(a; a+; A±), and are contained in A but neither in o;_ nor in a_. This has the peculiar 
consequence that the component fields (a; a + , a + ; A^) obey the superconstraint ( [2.24a] ), 
but not ( |2.246, c] ). That is, the component fields (a; a+, a+; A^) are not purely left-movers, 
but are linear functions of a = and arbitrary functions of cr"K 

The analogous analysis shows that the non-minimal righton has the following com- 
ponent fields U = (u; w_; U= : u+,v+;U, U T , U±, U; //_, Its definition is invariant 
with respect to the gauge transformation 

SJJ = s+Tl + q+T 2 + , where D+T\ = = D+T\ , i = 1, 2 , (2.22/) 

which elliminates the 'extra' component fields, zv + , t> + , U, U T , U±, U, contained in 

P-l- and ^-|_. The remaining component fields are (u; z/_,f_; ?7 = ), and are linear functions 
of and arbitrary functions of a = . 

Finally, we recall that an analytic function of any one type of 'minimal' haploid (quar- 
toid) superfields ( ]2.1[ ) and ( |2.3| ) is again a haploid (quartoid) superfield, and of the same 
type. For example, any analytic function /(<&) of chiral superfields, $ At , is again chiral: 
/($) satisfies the same superconstraints ( p. lap . In contradistinction, only linear combina- 
tions of non-minimal superfields of the same type ( |2.19a— J\) satisfy the same supercon- 
straint. No non-linear function of any non-minimal superfields satisfies any one of the 
non-minimal superconstraints ( |2.19a— /] ) — they are all general, unconstrained superfields. 
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Minimization of non-minimal superfields 

As observed in the literature [4], superderivatives of non-minimal superfields may become 
minimal. For example, consider the non-minimal chiral superfield ( J2.19a| ), O, satisfying 
D + D_<d = 0. Then both (D + O) and (_D_0) are minimal chiral superfields; indeed, 

D+(D+e) = , D-(D+0) = ; 

(2.25) 

D-(D-O) = , D+(D-G) = . 

However, (D+0) and (_D_0) are not even non-minimal haploid superfields: they are an- 
nihilated by only one of the four superderivatives. 

In this way, every non-minimal ambidexterous superfield ( |2 . 1 9ap - ( |2 . 1 9d| ) provides two 



minimal haploid superfields ( p. la— a]) of the corresponding kind: 

(5+6), (D_e) are chiral ( g3g ) , (2.26a) 

(-D+6), (D-S) are antichiral (|3D , (2.266) 

(D+U), (D-Il) are twisted-chiral ( jOg) , (2.26c) 

(-D+n), (-D-IT) are twisted-antichiral (p^) . (2.26a 1 ) 

The same is not true for the unidexterous superfields. Consider the non-minimal 
lefton, A, satisfying [£)_,£)_] A = 0. Then, 

D-(D-A) = , but £>_(£>_ A) = i(a=A) / ; 

(2.27) 

£>_(£>_ A) = , but £>_(£>_ A) = i(0 = A) + . 

However, there are analogous relations between unidexterous haploid and quartoid super- 
fields. It is easy to check that 

(D+A) is a chiral lefton ( ggg ) , (2.28a) 

(-D+A) is an antichiral lefton ( |Q6D , (2.286) 



(D_T) is a chiral righton ([Okj) , (2.28c) 
(D-T) is an antichiral righton (|2~^|) . (2.28d) 



Effectively minimal haploid superfields 

To summarize, the following (superderivative) superfields satisfy the specified haploid and 
quartoid superconstraints: 

Chiral, obeying Eq. (2.1a) : 

$; (D+E), (D_S), (D+A), (5_T); (-D+0), (£_©); 

(5+5.$), (D+.D+A), (D_.D_Y), (D+D+U), (D_D_Ti) ; (2.29a) 
Antichiral, obeying Eq. (2.16) : 
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<&; (D_E), (D+E), (D+A), (D_T); (13+9), (£>_9); 

(£>_£>+$), (I3+5+A), (Z3_5_Y), (I3_5_n), (13+5+0) ; (2.296) 
Twisted-chiral, obeying Eq. (2.1c) : 

5; (Z3+$), (5_$), (D+A), (5_T); (Z3+II), (5_n); 

(I3+5_$), (I3+5+A), (5_Z3_T), (13+5+6), (5_I3_9) ; (2.29c) 
Twisted-antichiral, obeying Eq. (2. Id) : 

S; (5+$), (Z3_$), (5+A), (£>_T); (5+fl), (£>_n); 

(I3-5+S), (5+Z3+A), (D_D_T), (Z3_5_6), (5+13+6) ; (2.29d) 
Leftons, obeying Eq. (2.1e) : 

A; (I3+A), (5+A); (5+Z3+A), (I3+5+A); (2.29e) 
Rightons, obeying Eq. (2.1/) : 

T; (Z3_T), (5_T); (Z3_5_T), (5_Z3_T); (2.29/) 



and 



Chiral leftons, obeying Eq. (2.3a) : (5+ A); (5+13+ A); (2.29a) 

Antichiral leftons, obeying Eq. (2.36) : $ L ;(D+A); (13+5+ A); (2.29ft) 

Chiral rightons, obeying Eq. (2.3c) : %• (5_T); (5_Z3_T); (2.29z) 

Antichiral rightons, obeying Eq. (2.3d) : (D_T); (I3_5_T). (2.29j) 

The order of derivatives has been terminated at two only so as to prohibit higher derivative 
and/or negative-dimension coefficient terms in the Lagrangian density. 

Finally, as it will be useful when constructing Lagrangian densities, we list (su- 
perderivative) superfields which are annihilated by at least one of the superderivatives. 
Any analytic function of these is then also annihilated by at least that one superderivative, 
and forms the kernel of that superderivative: 

ker(I3_) = |$,S,A,$,,(D+6),(5+n),{ D+ J^ ; (2.30a) 

l. l D+ (preceding) J J 

ker(I3+) = {$,S,T,$ fi ,(I3_6),(5_n),{ D -^ 

i- l. D_ (preceding) J ) 

ker(5+) = U, S, T, $ H , (5_6), (Z3_n), { D ^ ece ^ X 5+(anything)} ; (2.30c) 
l. I Z?_ (preceding) > ) 

ker(5_) = {$,S,A,$,,(5+6),(i9+n),{ D+ J preCe ^),5_(an^^ . (2.30d) 

l- ^ D+ (preceding) ) ) 



2.6. Other (super) constraints 



Having listed the simple first-order and second-order superconstraints (|2.1[) and ( |2.19| ), 
respectively, it should be clear that even this is by far not all there is. Cne may also define 
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constrained superfields by means of less simple superderivative equations. Let us denote 
the sixteen components of a so far unconstrained superfield: 
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[2.31) 



Yet higher order superconstraints 

Having examined first and second order (simple) superconstraints in some detail, the in- 
quisitive Reader will naturally wonder about third order superconstraints. The second 
order constraints examined in § p.5| seem to produce merely a technically more involved 
cousins of the 'minimal' haploid superfields [2.1| . Whereas the 'minimal' superfields are 
constrained by two simple, first order superconstraints which set three quarters of the 
component fields to zero, the non-minimal ones are constrained by a single, second-order 
superconstraint which sets only one quarter of the component fields to zero; the balance 
of a half of the component fields (eight of them) present in a non-minimal superfield but 
not in a 'minimal' one are the 'extra' component fields which in known applications turn 
out to be non-physical 6 ) . 

Naively then, we expect a cubic (simple) superconstraint to set only an eighth (two) 
of the component fields to zero. Also, we expect several of the non-vanishing components 
turning out to be auxiliary (with algebraic, i.e., non-differential equations of motion), the 
precise identification possibly strongly depending on the choice of the Lagrangian density. 

This turns out to be only partially true; in particular, the first expectation turns out 
to be wrong. 

Let us examine the case 

[D_,D_]D + n = . (2.32) 

Easily, by projecting on the lowest component of ( |2.32| ), this includes the simple statement 
that 

= [D_, D_]D+Q\ d = 4V2o- , (2.33) 

so O- = 0. Projecting with D- and D- (D+ of course trivially annihilates the whole 
superconstraint), we obtain the next three component constraints: 

= -4i(d = W) , = -4{d=W±) , = 4i(d + W = ) - 80 . (2.34) 

These imply, respectively, that W and W± are left-movers, and that the 'top' component 
field, O, is not independent, but equals O = ^(d^W = ). Continuing this, with the quadratic 
and cubic superdifferential operators from Fig. 1 which do not include D + , we obtain four 



' Recall that the property of a component field being physical, i.e., propagating (with a dif- 
ferential equation of motion) depends most crucially on the choice of the Lagrangian density! 
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more constraints. The net effect of the superconstraint ( |2.32|) is then summarized by 
writing (in a hopefully obivous doublet notation): 

dl{u + ,W^} = {0, i(did + w)} , {w,w+} is free, (2.35a) 

d = {W±,o+} = {0, !(<9 = <9 + zx7_)} , {ro_,W} is free, (2.356) 

d = {W,o+} = {0, \{d = d^uj-)} , {u-, W^} is free, (2.35c) 

{o-,0} = {0, i(djW=)} , {W = ,d-} is free. (2.35d) 

Thus, half of the component fields, in the right column of Eqs. ( |2.35| ), are untouched by the 
superconstraint ( |2.32|) ; a quarter of the component fields obey a differential relationship 
to a half of the free component fields. Finally, an eighth of the component fields {W± and 
W) become left-movers, one component field (uj+) an 'almost left-mover', and only one 
component field, o_ outright vanishes. The fact that these results can be organized into the 
doublet formation of ( |2.35| ) is a simple consequence that these doublets form ^-dependent 
(0, l)-superfields, D + being the one superderivative not appearing in Eq. (|2.32|) . 

The straightforward expectations stated above did not turn out to be true simply 
because the superderivative operators do not all (anti) commute, whereupon the counting 
of independent degrees of freedom remaining unconstrained by a superconstraint is far from 
(that) simple. Obviously, there are four (essentially distinct) cubic simple superconstraints, 
and a single quartic one. 

Having illustrated this point and with the utility of these superfields entirely unex- 
plored, we now turn to some other, more radically novel possibilities. 



Non-simple superconstraints 

The (again) first-order superconstraint 

(D_-B_)n = (2.36) 

defines an independent pair of haploid (in fact, lefton) superfields. To see this, switch to 
the (0,2)-superfield notation as in Eq. (|2.11| ) and ( |2.24|) , and define 



w 



- fij , cD_ d = -^D_n\ , = ^£>_fij , W = ^ D_\n\ , (2.37) 



where J denotes setting ^~=0=^~ but leaving <^ + , q + intact. Taking the same projections of 
the superconstraint ( |2.36| ), we obtain the (0,2)-superconstraints, which almost immediately 
yield: 

ro_=cD_, W= = 0, (d=w) = 0, and (9=w_) = . (2.38) 

Thus, the superfield obeying the superconstraint ( |2.36| ) consists of a spin left- moving 
(haploid) superfield, w = (w; u+, w+; W^), and two identical copies of a spin +| left- 
moving (haploid) superfield, cD_ = (o>_; W, W T ; o + ). 

Note that the complex conjugate of Eq. ( |2.36| ) merely states that O, the hermitian 
conjugate of O, satisfies the identical superconstraint, not that O is real. 
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Multi-field constraints 

Of course, there is no a priori reason to restrict oneself to (super)constraints involving 
only one superfield. For example, given a chiral supefield, $, and a twisted-chiral one, S, 
the superconstraint 

D + E = (2.39) 

clearly identifies the fermionic component fields ip+ = x+ (by straightforward projection). 
On projecting with D_: 

D_(D + $-D + E)\ = 2(F-X) = , (2.40) 

we find that the 'auxiliary' fields F and X are also identified. Projecting further on the 
remaining six components (using all the superderivative operators from Fig. 1 which do 
not include trivially acting D-), we find that the superconstraint ( |2.39| ) includes the above 
identifications, but also forces all of the components of both $ and S to be right-moving! 
That is, Eq. ( |2.39| ) includes also the constraints (9^$) = = (<9±S). 

What naively started out as identifying only some two subsets of two superfields, 
turned out to have a quite more restrictive end. It is thus imperative to always expand all 
the superconstraint (s) in their component constraints, so as to identify their full effect. 

Inhomogeneous superconstraints 

Next, one may wish to attempt mixed-order (inhomogeneous in the D's) superconstraints. 
So, consider 

(1- \D_D + )Sl = , (2.41) 

which, a bit surprisingly, turns out to annihilate the whole superfield! To see this, we 
switch to an 'antichiral' (1,1) -superfield notation, expanding in the ?'s, but keeping the 
component (l,l)-superfields still dependent on the g's. Define 

w d = n\ , u)± d = ^D±n] , w d = ±D_D+n] , (2.42) 

where ] denotes setting ^ ±= but leaving ^ intact. Projecting in the similar fashion the 



superconstraint ( |2.42| ), we obtain, respectively: 

w = W , u± = , and W = . (2.43) 

Combined, they set the whole superfield obeying ( |2.42|) to zero. 
Another easy (and far less trivial) example is 

(l-l[D_,D_][D + ,D + ])n = 0, (2.44) 

which does not annihilate O, but restricts all the component fields to solutions of simple 
differential equations: 

(i-d=d + ){w T ,w ±1 o} = o, (i + a = a + ){^,w} = o, 

(2.45) 

{l-dld%){wiu±,w±-,W=,W^o±,d±} = 0, 
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where, of course, (1 — d=d^) = (1 — d-d^)(l + d = d^). In this case, all component fields 
are restricted 'on the mass shell', their mass being ±1. 

Families of superconstraints 

We next consider a notion that appears to be novel in supersymmetry, but has become 
fairly familiar in superstring theory: we construct families of constraints. 



A small modification of the superconstraint ( 2.41 



(1- \aD_D + )Vt = , a = const., a ^ 0,oo , (2.46) 

now involves a parameter a. As it turns out, this superconstraint family still annihilates 
the superfield Q and so introduces nothing new. The limiting value a = may thus in 
fact be included without any change in the enforced vanishing of O. However, the limiting 
case a = oo turns O into an non-minimal antichiral superfield — far from vanishing. 

On the other hand, consider the pair of superconstraints: 

[sm(± /3)D+ - cos{±/3)D+]n = = D_Q . (2.47) 

Clearly, the special cases = and (3 = n constrain O to be a chiral or a twisted- 
chiral superfield, respectively. That is, the family of superconstraints fl2.47|) , parametrized 
by the angle (3, interpolates continuously between chiral and twisted-chiral superfields! 
This may seem perplexing, since the swap C+ : was at first regarded as a discrete 

transformation, whereas it is now shown to be a continuous SO (2) ~ U(l) transformation. 
In fact, this transformation may be identified with the U(1) L subgroup of the general 
SU (2)_|_ group acting on the doublet of supercoordinates <^ + , f + , which in turn is the 'left- 
handed' half of SU(2)+ xSU(2)-, the maximal compact group of transformations of the 
supercoordinates s, C which commutes with the Lorentz symmetry; see § |1.3| . 

It is then natural to ask what does O of Eq. ( |2.46|) become for angles (3 ^ 0, n. Straight- 
forwardly, the superconstraint system ( |2.47| ) then defines a pair of chiral leftons (|2.3a| ), 
($ H , $ H +). In the limiting cases, we find 

$= l(0,V-) < — % = ((p R ,ifj R -) > (x,£_) l =s (2.48) 

The 'upper halves' (as displayed here) of $ and S are easy to map to each other, and in fact 
identify: both pairs of component fields are projected the same way. In contradistinction, 

the mapping of the 'lower halves', (i(j + ,F) <— ((f) R+ ,ip R ^ ) — > (x + , X), is non-trivial and 

involves the twist D + ^D + . The relation ( j2.48|) then shows how the pair of chiral rightons 
interpolates between a chiral and a twisted-chiral superfield. 

Relation to dualities 

Since the chiral<->twisted-chiral mapping may be identified as the root of the 'mirror 



map' [14], the interpolation ( 2.48 ) may provide a more complete description. While a 
detailed study of this is beyond our present scope, we cannot help noticing that that 
is but one element of the discrete symmetry 2S4 identified in §|1.3|. Another operation, 
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the left-handed (or the right-handed, of course) parity, denoted p in (1.10c, d), but when 
acting also on the world-sheet coordinates, was identified in Ref. [15] as the root of the 
Type IIA^->Type IIB duality. With a total of 47 nontrivial operations, the group of discrete 
symmetries 2S4 from § |1.3| seems to be a pretty good candidate for seeking roots of other 
dualities in (super) string, M- and F-theories. 



Fibration of superconstraints 

Let us, however, return to the 1-parameter family of superconstraints ( |2.46| ). In retrospect 



it is almost trivial, since all values of a 7^ 00 lead to O = 0. Exceptionally, at a = 00, 
O / and is in fact a non-minimal antichiral superfield! That is, the 1-dimensional 
parameter space {a 7^ 00} ~ H 1 is fibered with identical fibres, parametrized by the 
identical constrained superfield, O = 0. Compactifying {a 7^ 00} ~ M 1 into {a} ~ S 1 , 
by including the a = 00 point, the fibration becomes quite non-trivial. One can think of 
the total space of this fibration as a simple cover of S 1 (parametrized by the constant and 
trivial value O=0), with one exceptional set, E, at a = 00, where E is parametrized by 
the non-minimal antichiral superfield satisfying D-D + Q = 0. 

A bit more interestingly perhaps, the 1-parameter family of superconstraints ( |2.47| ) 
is clearly non-trivial, since different values of a lead to different (constrained) superfields. 
Again, however, the parameter space, {a} ~ S 1 is fibred mostly by a pair of chiral rightons. 
At the two special points, a = 0, n however, this 2 + 2-dimensional fibre, ($ H , $ H +), fuses 
into a single 4-dimensional one, $ and S, respectively. In fact, it is easy to turn (|2.47| ) into 
a fibration over a (complex!) P : 

( Zl D + - z 2 D + )Vt = = Z)_0 , (2.49) 

where the two complex numbers (^1,^2) — (Azi,Az2) parametrize a complex projec- 
tive (parameter) space, IP . Note that the invariance under rescaling by a non-zero fi- 
nite complex parameter, A, arises as the obious symmetry of the homogeneous equation 
(ziD_|_— Z2-D+)0 = 0. The chiral and twisted-chiral superfields, $, H, are then seen as 
special fibres (the North and the South poles, respectively) in a non-trivial fibration of the 
righton doublet ($ H ,$ R _|_) over P . 



Non-linear superconstraints 

Whereas the simple modification (|2.46 ) of the superconstraint ( |2.41 ) produced an (almost) 
trivial outcome, a further but still simple modification 



(1- i/(0) J D_D + )0 = 



(2.50) 



produces a rather more interesting situation. To see this, switch back to the (l,l)-superfield 
notation, expanding in the <^'s, but leaving the component fields still superfunctions of 
the <T's. Using the definitions in (|2.42| ) and writing _p n ) = f^ n '(w), we find that the 
superconstraint (|2.50|) includes 



w-fW = 0, u ± [f-wf} 
w([f-wf']+u_u; + f"f) = 







(2.51) 
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The first constraint simply sets W = w/f. With the latter two, this then enforces O = 
(w;u±;w/ /), where: 

f free if f(Q) = Q/Wq, Hpf 
w,u± = I W = lim (n/f(n)) . (2.52) 

Again, we have a (degenerate) fibration: over the parameter space of the function f, we 
generically have the constant O = (0; 0, 0; Wo), while at the special subset where / becomes 
a constant multiple of its argument, we have the unconstrained but only §- independent 
superfield, O = (w; u±; w/f) which, in the limit / — ► oo becomes a non-minimal antichiral 
superfield, as found above. Recall that w, u± in turn are otherwise unconstrained in- 
dependent (1, l)-superfields. 

Other non-homogeneous superderivative constraints may produce less trivial results 
and define other possibly interesting constrained superfields. Reasons for using such more 
complicated superconstraints are both far from obvious and mo del- dependent 7 \ Whilst 
one is tempted to dismiss such more complicated constrained superfields on grounds of 
physical equivalence to (some combination of) 'minimal' haploid and quartoid superfields 
at the cost of greater technical complexity, it may well be that their joint use offers some 
distinct advantage, as does the use of 'minimal' together with non-minimal superfields [13]. 
More than a mere mention of this possibility, however, is beyond our present scope. 

Discrete constraints 

Finally, the imposition of reality as a constraint on a superfield is probably the best known 

type of constraint: = V defines a real superfield, used for Yang-Mills type gauge vec- 
tors [6,7]. Note that the hermiticity of the entire superfield does not imply the hermiticity 

of the component fields. In fact, = C(V) = V implies that, e.g., the lowest component 
is real, but the ^D-D+V] and ^D+D-V\ components are imaginary. 

In view of our analysis of discrete symmetries of the 2-dimensional (2,2)-superspacetime, 
it is clear that there are many, many more such constraints possible. For example, 

P(W) = W defines a left-right (parity) symmetric, i.e., scalar superfield; C-(Y) = Y 
imposes a reality condition but only on the <;~ , ^"-components; etc. There being 47 non- 
trivial elements of 2^4, there are 47 such types of constraints possible in the 2-dimensional 
(2,2)-superspacetime, and they can of course be combined with the superdifferential oper- 
ators to produce some quite formiddably looking constraints. 

Again, an exhaustive analysis of all possibilities is clearly out of hand, and presently 
we remain content with the 'minimal' haploid superfields, and a brief involvment of their 
non-minimal counterparts. 



7 ) I thank Joe Polchinski for discussions on this point, and sharing some early results of his work 
with Simeon Hellerman on some superconstraint equations generalizing the present Eq. (2.49) into 



a fully non-linear (albeit holomorphic) superconstraints in fl. Their work focuses on applications 
in supersymmetric quantum mechanics. The present models can be dimensionally reduced to such 
theories, albeit with some possible loss of generality, just as dimensional reduction of 4-dimensional 
models fails to capture most of the diversity presented herein. 
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3. Lagrangian Densities 



Once the superfields have been defined, we can turn to their dynamics, to be governed by 
a Lagrangian density. As it turns out, 2-dimensional (2,2)-supersymmetric models have 
an unprecedented rich set of choices for the Lagrangian density, and consequently for the 
dynamics. 



3.1. Unconstrained formalism 



Owing to the nilpotency of the superderivatives, the complex ambidexterous constrained 
superfields can be expressed as superderivatives of unconstrained ones [7]. For example, 
given an unconstrained complex superfield, O, the following are 'minimal' haploid super- 
fields: 

(D + D_Q) is chiral, i.e., it obeys Eqs. (2.1a) , (3.1a) 

(D + D_Q) is antichiral, i.e., it obeys Eqs. (2.16) , (3.16) 

(D + D_Q) is twisted-chiral, i.e., it obeys Eqs. (2.1c) , (3.1c) 

(D+D-Q) is twisted-antichiral, i.e., it obeys Eqs. (2. Id) . (3. Id) 

Similarly, given two unconstrained complex superfields, O^, the following define non- 
minimal haploid superfields: 

(D + Q + + D-Q~) is NM-chiral, i.e., it obeys Eqs. (2.19a) , (3.2a) 

(D + Q + +D_n~) is NM-antichiral, i.e., it obeys Eqs. (2.196) , (3.26) 

(D+0+ + is NM-twisted-chiral, i.e., it obeys Eqs. (2.19c) , (3.2c) 

(D + Q + +D-Q-) is NM-twisted-antichiral, i.e., it obeys Eqs. (2.19d) . (3. 2d) 

Amusingly, both the 'minimal' and the non-minimal unidexterous superfields elude a sim- 
ilarly easy description in terms of unconstrained superfields. 

This then defines an 'unconstrained' formalism where each of the constrained super- 
fields ( j2.1a— d| ) and ( |2.19a— dj ) is meticulously replaced by its proxy (|3.1| ) and (|3.2|), respec- 
tively. Quantization is now straightforward in terms of path-integrals over the components 
of the unconstrained superfields O, used in fl3.1|) , and used in ( |3.2|) . This approach is 
however unavoidably beset with a substantially increased amount of sheer algebra, and 
will not be pursued herein. 



3.2. Constrained formalism 



With a collection of several constrained superfields of the types defined in Eqs. ( |2.5|) , 
we now seek the most general Lagrangian density (subject to some hopefully plausible 
restrictions). Consider an analytic function, /, of some of the haploid superfields ( |2.1| ). In 
general [6,7], the Berezin integral of this / over only those <j, <T's on which / does depend 
will transform under a general supersymmetry transformation into a total derivative. A 
world-sheet integral of such a Berezin integral is then, up to world-sheet boundary terms, 
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invariant under supersymmetry. When considering only world-sheets without a boundary, 
as we do, such Berezin integrals provide supersymmetric Lagrangian densities. 

With the benefit of hindsight, we discuss the details of the various Lagrangian density 
terms starting with those which require the most number of Berezin integrations. Also, for 
now, the quantization issues pertaining to the unidexterous (super) fields will be completely 
ignored, and all expressions will use fully constrained (super)fields. 



Finally, while any superfield can be assigned overall spin as discussed in § |2.4| , for 
reasonos that will soon become obvious, we consider endowing only a subset of the unidex- 
terous superfields with overall spin. We write A = (A a , A a ^), where the superfields counted 
by the index a remain as defined in ( |2.1d. ), while those indexed by a satisfy ^(A^) = 1, so 
that jz{£^, Al{! , A!}! , L^} = {1, |, |, 0}. A susbset of the rightons is similarly endowed with 
overall spin —1: T = (T*, T l= ). 



The general Lagrangian density 

The most general manifestly supersymmetric Lagrangian density is of the following form: 



I=Ijdr *+ + /i.c. + \J ds + *~ + h.c. (3.3a) 

+ \ j d 2 sW + h.c. + ±Jd 2 {X + h.c. (3.36, c) 

+ 5 y dV N* + h.c. + \ / d V N= + h.c. (3.3d, e) 

+ \ J dVdg+ M+ + h.c. + ij dVd<T M~ + h.c. (3.3/, 

+ \ J d\ K + h.c. . (3.3h) 

Recall that fermionic integration is equivalent to (covariant) superderivative(s), followed 
by the projection on the 'body', ^ — 0=<^: 

L = §[£>+*+] | + h.c. + | + h.c. (3.4a) 

+ ±[D_D + W]\ + h.c. + ± [£>_£+£] | +h.c. (3.46, c) 

+ \[[D + ,B+]N*]\+h.c. + \[[D-,D-]N=]\ + h.c. (3.4d,e) 

+ ±[lD + ,B + ]D-M+]\ + h.c. + ±[[D- i D-]D+M-]\+h.c. (3Af,g) 

-±[[D_,B_}[D +1 D + }K] \ . (3.4/i) 



For the above expressions to be supersymmetric, it is necessary and sufficient for each inte- 
grand to be annihilated by all covariant superderivatives except those which are equivalent 
to the integration operator. For example, should be a chiral lefton, annihilated by 
all superderivatives except _D_|_, which appears explicitly in ( |3.4a| ), replacing the integral 
J d^~ in ( |3.3a| ). Similarly, W has to be chiral, £ twisted-chiral, M + has to be annihilated 
by -D_, etc. K is always chosen to be real, so that no '+/i.c.' is necessary. 
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The j ck W+h.c. terms are frequently called the 'F-terms' as the J d<j integral projects 
on the <^ + ^ - -component in W, typically called F in a chiral superfield. We will extend 
the name to all other two-fermionic integrals in (3.36, c), i.e., (3.46, c). The q A component 
being typically called D in a general superfield, the J d\-term (3.3e), i. e., (3.4e) is typically 
called the 'D-term'. In a similar vein, we call the terms in (|3.3a| ), i.e., ( |3.4a| ) the '-0-terms, 
and those in (3.3<i), i.e., (3.4<f) the 'A-terms'. 

3.3. D-term 

We begin with the most generally ^ ± , ^-dependent set of terms, those that depend on 
all four of them, and so appear under the j d\ integral (|1.7|) . Since non- minimal super- 



fields ( |2.19| ) do depend on all four fermionic coordinates, this is in fact the only type of 
terms in which they can appear (without a superderivative acting on them). The hasty 
Reader should be reminded that the combined use of 'minimal' and non-minimal haploid 
superfields does have its distinct advantages and interest (see, e.g., Ref. [13]), whence here 
we include quartoid and both the 'minimal' and the (ambidexterous) non-minimal hap- 
loid superfields. The Reader should then have no problem extending the presented results 
by including the unidexterous non-minimal superfields, and also the 'other' superfields 



discussed in § 2.6, or indeed yet other ones, of their own design. 



The D-term involving the haploid superfields is 

l k = \ J d\ k($, $, s, s, a, x, e, e, n, n, . . .) , (3.5) 

where the ellipses denote non-minimal superfields, and K(. . .) is required to be a real 
function for the Lagrangian (term) Lk to be hermitian. Note that this implies, e.g., that 

Kifiv = f d^d^K = K, V ji and K, a p = K,pa are Hermitian, but K, a f, , K,ij are merely 
symmetric, and all the mixed matrices are general. We do not, however, allow K to 
depend on superderivative superfields, as that would lead to higher derivative terms in the 
Lagrangian density. 

Finally, as and T = carry overall spin, and since K has spin-0 and it is not allowed 
to depend on superderivatives, it must be that K depends on the A+, T = only through 
their spinless products, (A+T = ). Such products are characterized by a list of matrices, k^, 

where m indexes all the linearly independent bilinear products, B m d = (A a ^ k^T z= ) . The 
matrices may be chosen so as to have all entries 0, except for the m th one (counting 
say elements in row after row) which then equals 1. Then, 

d _ m T i= d d _ a a± m d , v 

M a + ~ dB m ' <9T*+ al dB m ' K ' 

so that 

^=K%I^K, m ..., and ^ = A a *C^-- (3-7) 

With these, the Lagrangian density is straightforward to expand into component fields; 
see Appendix B. 
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3.4- \-terms 



We now seek fermionic functions which are annihilated by one of the four D, D's. Since 
$, S, their D-t-superderivatives, A, (D+A), (D+A) and (D- anything) are all annihilated 
by D- , the Berezin integral over g , q~ of any analytic function of these superfields is a 
suitable Lagrangian density term: 



\ Jd\drM+{$ L ,$ R ,$ Ij ;$,E,A;...) + h.c., (3.1 



as supersymmetry transforms it into a total derivative 8 -'. Recall that the component 
fields ( |2.15|) of the quartoid superfields $> L , $ fl , & L , are obtained from those (|2.5a, tip 



of the chiral and antichiral haploid superfields. We can therefore lump <& L , $ fl into $ and 
& L , 2> H into $ without any loss of generality; the interested Reader should have no difficulty 
re-introducing them by splitting the ranges: $ — > (<&, <& L ,3> R ) and $ — ► ($,$^,$ H ), and 
remembering that the quartoid superfields have only half the component fields of a haploid 
one. Here, the quartoid superfields are explicitly written only if they do not appear in pairs 
that comprise a haploid superfield. 

Now, prohibiting as before higher derivative (negative dimensional coefficient) terms, 
and ensuring that M + has spin +|, it must be of the form: 

M+ = (_D_^)M£ + (DS a )M L a + (D + A h *)Ml + ( J D + A fi *)M? (3.9a) 

+ GD_$*)M^ + (D-zP)Mp + (D-T^Mi + (B + ^)A d +Maix (3.96) 

+ (D_Q M )M M + (B_0*)M N + (D_U A )M A + (D_Ii B )M B , (3.9c) 

+ (D+^)A d *M^ + (D+A a )A 6 +Af^ + (D + U A )A h +M Ai (3.9d) 

+ (5+5 a )A 6 +M a6 + (5+A a )A S *M a 2 5 + (D + Q M )A^M &M , (3.9e) 

where the M.'s are all arbitrary analytic functions of the $, H, A, except for M^, M^, 
which are depend only on $> L , A. These two terms are supersymmetric since, although they 
are not annihilated by _D_ as the other are, they turn into total derivatives: 

D-[(D-^)M L ^\ = (2id = ^)Mf l = 2id = (^Mf l ) , (3.10) 

which suffices. 



The quick Reader may notice that the (_D_ . . .)M.-type terms in ( |3.95, c\) may be 



rewritten as D-terms (since (D_<& v )Mp = D_(Q V M„), etc.), and could argue for their 
discarding here on the grounds that they are effectively included in (pT5|) . This would 
however induce a serious omission. Rather than advance a general and possibly obtuse 



8 ' This general argument rests on the identities (up to total deivatives) Q± ~ D± and Q± — 
D±. Supersymmetry transformation is then calculated, up to total derivatives, by acting with the 
operator 5 e ~ e-D + e-D. 
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(3.11) 



argument, consider the following simple example, with the first term in (|3.96| ) where 
Mf^($): 

§{[£>+, D+]D- (M P ($)(D_$ P )) + [D+, D+]D. ((D^)M^) } \ 
= \D\^M^)\ - \d = {[D +: D + }(^M^))\ , 

where = f (M^)! and 

M% d ^ i(M M , + M, M ) , d =i f i(M M , - M 0v ) (3.12) 

are hermitian and anti-hermitian, respectively. The first term in ( |3.11| ) contains, upon 
projection, the familiar 'kinetic' terms 

\[{d^){d=P) + (d = <P)(d^)]M* , (3.13) 

whereas the second term in ( |3.11|) includes the 'torsion' term: 

\[{d^){d = f) - {d=^){d^)]M* . (3.14) 

The antihermitian matrix M^ D appearing here need not necessarily be associated with the 
'metric torsion', which would be a derivative of M^ v . In fact, may well be constant. 
However, it does produce an important term upon world-sheet integration: 

J dV \{{d^){d = P) - (d = r)(d + r)]M^ = f d^Ad^M* = J fMfo , (3.15) 

the integral of the (the pull-back by the map <fi of the) 2-form = Mp^d^ Ad<p v over the 
(image) of the world-sheet. This type of terms relates to global information about the field 
space and is essential in many superstring applications of 2-dimensional (supersymmetric) 
field theories. 

Since total derivatives are routinely dropped, this important term would normally be 



lost. Thus, instead of rewriting the D-{. . .)-terms in (|3.9|) as D-terms and then meticu- 
lously salvaging such and similarly interesting terms from the total derivative debris en 
route, it would seem preferable to include them manifestly in the Lagrangian density via 
the terms such as those in ( |3.9| ). 

Notice also that the 'metric' Mj^ v defined in the first one of Eqs. ( |3.12|) stemms 
from a simple choice of M„(<& L , A). In the general case, the 'metric' in the 'kinetic' 
term ( |3.13| ) is then a hermitian and analytic but otherwise unrestricted matrix function of 
the bosonic fields <p L ,4>,x,£ and their conjugates. 

Thus, the (D_ . . .)M.-type terms in ( |3.96, d) play a dual role: (1) they modify the 
D-terms, and (2) produce 'topological' terms such as ( |3.15| ). The remaining eleven terms 



in (|3.9a— e|) however cannot be reduced to D-terms and/or total derivatives; they produce 



totally new terms for the Lagrangian density. 

By the same token, the other batch of A-terms is obtained from 

M~ = (D+Q^M* + (D + Z )M? + {D-T l= )M} + (D_T i= )M? (3.9/) 
+ {D+$ P )M P + (D+E a )M a + (D+A a )Ma + (D^)T' l =M^ {3.9g) 
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+ (D+e M )M M + (D + N )Mjt + (D+U A )M A + (D+U B )M S , (3.9a) 

+ (D_^)TP-M^ + (L>_T £ )T J= Mi + (D_n 5 )T J =M 5j (3.9z) 

+ (D_EP)T 3= Mp 3 + (S_T ? )T j =m| + (D-e M )T i= M lM , (3.9 j) 

where now the M.'s are all arbitrary analytic functions of the <E> R , 5, T, except for 
and M| which only depend on $ R , T. 

With these two functions (|3.9|) , 

L M = ±[[L> + ,5 + ]L>_M+]| +/i.c. (3.16a) 

+ |[[ J D_, J D_] J D + M-]| + /t.c. (3.166) 
is the most general set of A-terms for the Lagrangian density; see also Appendix B. 

3.5. F -terms 

'Superpotential terms' (3.36) are a familiar type of candidates for the Lagrangian density. 
For example, any analytic function of only the chiral superfields, $'s, is itself a chiral 
superfield: D ± W(<f>)=0. 

Ambidexterous superpotentials 



Since all the superfields in ( |2.29a| ) satisfy the chiral pair of superconstraints ( |2.1a| ), any 



analytic function of the arguments listed in (|2.29a| ), 

is than also chiral. Its hermitian conjugate, W, is antichiral. Similarly, 

E(S,* a) $ i; (£)+$),...) , 

is than also twisted chiral, and its hermitian conjugate, S, is twisted antichiral. Again, we 
lump $ i5 $ H into $ and <& L , $ fl into $, and write out explicitly the dependence on quartoid 
superfields only if this cannot be done, as in specifying the dependence of the coefficient 
functions in (|3T9|). 

However, a few further restrictions are needed. For the putative Lagrangian density 
terms 

r & 2 qW + h.c. and [d 2 ^ + h.c, (3.17) 



to be scalar densities, W and S have to be scalar densities themselves. Therefore, each 
term in their expansion over the superderivative superfields must have an even number 
of superderivatives. Finally, to prevent higher derivative and/or negative dimensional 
coefficient terms, we write W in the following form: 

W = W {$) + \ W> ($;•••) , (3.18a) 

and truncate W > to terms quadratic in superderivatives. 
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Now, among all the possible terms with a quadratic superderivative, e.g., the term 
J d 2 s (D + D_Q l/ )Wv + h.c. can be rewritten, without any loss of generality, as a corre- 
sponding A-term ( |3.16| ): 

J d\ (D + D_^)W^) = D_D + {D + D_^)W^) \ = D_D + D + {D_<$>v)Wv{<$>)\ , 

\[D + ,D + )D_ [(D^)W^)} \ , 



— 2 I 



(3.19) 

where we have dropped the total derivative id^D_[{p_^ v )Wu] |. In fact, the corresponding 
A-term in (|379&f) , / d\d<T (D_^)M V , is more general, as the coefficient function M„ may 
depend on A, whereas W„ depends only on $. A similar fate befalls many of 

the tentative F-terms, and only the following remain, not being reducible without loss of 
generality to any of the terms in (|3.5| ) or ( |3.16| ) : 

W > ={D + A^){D_V=)W M + (D + A d +)(D+e M )W dM 

(3.186) 

+ (D-r l =)(D_& M )w m + (D+e M )(D_e N )w MN , 

where the W-.'s are arbitrary analytic functions of the $ only. The canonical dimensions 
of M / o($) and the coefficient functions in W>($) are all non-negative: [Wo]=l (mass pa- 
rameters) and [W..]=0 (dimensionless couplings). The omited higher order superderivative 
terms would have had coefficient functions with negative dimensions. With the superpo- 
tential (gig ), 



L w = \ J d\ W($;...) +h.c. = ±[D_D + W($;...)]\ + h.c. 



(3.20) 



is the most general superpotential Lagrangian density. In the absence of unidexterous 
superfields, Lw reduces to the well-known superpotential terms involving only the holo- 
morphic function M / o($) in ( p. 18 ). 

Similarly, 

= \ J d 2 i E(H; . . .) + h.c. = ±[D_5 + E(S; . . .)]| + h.c. (3.21) 

is the most general twisted superpotential Lagrangian density, with the twisted superpo- 
tential being 

E = £„($) + IMS;...) > ( 3 - 22a ) 

where 

E> =(D + A^)(B-T 1 =)Zm+ (D + U A )(D + A^)E Ah 

(3.226) 

+ (D.U A )(D_T l =)^A, + (D + n A )(D_n B )Z AB , 

where the E..'s are arbitrary analytic functions of the H only. The canonical dimensions of 
Eo($) and the coefficient functions in E>($) are all non-negative: [Eo]=l (mass parame- 
ters) and [E..]=0 (dimensionless couplings). 
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Unidexterous superpotentials 

By contrast, no (higher) superderivative of either of $, $, 5, 5 satisfies the supercon- 
straints ( |2.1e, /] ). Therefore, Ll (Lr), the lefton (righton) analogue of Lw and Ls, is 
constructed entirely from lefton (righton) superfields. Using the list ( 2.29e ), we find that 

L L = | / dV Ar+(A;...)+/i.c. 

^ (3.23) 

= i[[ J D +)J D + ]iV*(A;...)]| + /i.c. 

is the lefton 'superpotential' term for the Lagrangian density. For this to be a scalar 
density, the function must transform as a vector of spin +1, and so must depend on 
the A+'s (th is is the reason for their introduction). Restricting again to terms in which the 
coefficient functions have non-negative dimensions, we find (omitting indices for brevity): 

iV+ = A*iV. + ±A*(D+B + A*)N}. + ±A+(B + D + A+)N 2 . 

+ i(D + A*)(D + A*)iV. 3 + i(D + A*)(5 + A*)iV.1 

+ ±(B+A+)(B+A+)N 5 . + |A*A*(D+i5 + A)JVl 

+ ±A+A+(B+D + A)N 2 .. + ±A*(D + A+)(D + A)N 3 .. (3.24a) 

+ iA*(D + A*)(5 + A)Ar. 4 . + ±A+(5 + A*)(D + A)AT. 5 . 

+ ±A+(B + A*)(B + A)N 6 .. + ±A*A*(D+A)(D+A)N}... 

+ ±A+A*(D + A)(B + A)N 2 ... + ±A*A*(B + A)(B+A)N 3 ... , 

where the N., ... , AT....'s are all arbitrary functions of the A. Clearly, some of these have 
certain symmetries, implicit in the above expressions; e.q., N 1 -- = - = —N ~~^. 

J > o i abed bacd dbdc 

That is, Nr... —>■ N} rxr „ - n . Also, the Reader may prefer to combine some of the terms, such 

(db)[cd] ' J ^ 



as 



±A*(D + D+A+)N}. + ±A*(D + D+A+)N 2 

(3.25) 

= f A*(«9 + A*)(iV.!+iV. 2 ) + lA+([D+,D + }A*)(N}.-N 2 .) . 
Similarly for rightons, 

i / dV N= (?;... ) + h.c. 
J (3.26) 

= \[[D_ : B_}N=(T;...)}\+h.c. 



J R - 2 



where may depend on all of T, T = , (.D_Y), (L>_T) and (D_D_T). Expanding this 
function in the superderivatives and the T =, s, and truncating the expansion so as to 
prohibit higher derivative terms and non- negative canonical dimension coefficients, we 
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find: 

N= = T = iV. + \T = {D_D_T = )N}. + \T=(D_D_T=)N 2 . 
+ i( J D_T = )(D_T=)iV. 3 + i( J D_T=)( J D_T=)iV.1 
+ i( J D_T=)( J D_T=)iV. 5 + ±T=T=( J D_ J D_T)iV. 1 .. 

+ ±T = T= (£_£>_ T)iV. 2 . + ±T=(Z)_T=)(L>_T)iV. 3 . (3.246) 
+ iT = ( J D_T=)( J D_T)iV. 4 . + iT = ( J D_T=)( J D_T)iV. 5 . 
+ iT = ( J D_T=)( J D_T)iV. 6 . + ±T = T=(Z)_T)( J D_T)iv~. 1 ... 
+ ±T = T=(Z)_T)( J D_T)iV. 2 ... + ±T=T=( J D_T)( J D_T)iV. 3 .. , 
where the N., ... , AT....'s are all arbitrary functions of the T. 

5.5. °0 -terms 

Finally, we come to the terms with the simplest ^-dependence. As listed in ( |2.29g| ), 
(D + A) and (D + D + A) satisfy the chiral lefton pair of superconstraints ( |2.3q| ), i.e., they 
depend only on <;~. Thus 

L 9l = J dq-^ + (<$> L ;D + A;D + D + A) + h.c. (3.27) 

is a hermitian supersymmetric Lagrangian density term, given any analytic spin +^ func- 
tion \l/ + ($ i ; -D+A; D+D+A) and its hermitian conjugate 9 -* . 

The superfields § L ,D + A and D + D + A, as defined above ( |2.3j ) and (|2.1| ), contain no 



positive spin component fields, which is why the A^ have been introduced. For a La- 
grangian density without higher derivative and negative dimensional coefficient functions, 
we truncate the expansion of ^ + in D+A and D+D+A, and obtain the list: 

(25+A 4 *)**, i( J D + A a +)( J D +J D + A^)vl>^, +l(D + A^)(D + A i +)(D + A^ di6 , (3.28) 

where the J a-, an d ^aSc' s are arbitrary analytic functions of only the <& L . However, all 
of these turn out to be special cases of various terms from ( |3.24a| ). For example, 

(D + A d ^ d (3.29) 

may be rewritten unambiguously (up to total derivatives) and without any loss of gener- 
ality, as a unidexterous F-term: 

\ [£> + (5+A 4 *)tf a ($J] | + h.c. E* i [[£>+, D+]A^^ L )] | + /i.e. (3.30) 

The same of course holds for its conjugate, and their parity mirrors, ($ H ; £>_ Y; D_D_Y) 
and its conjugate. 



9 ) Recall that the unidexterous superfields, A and T, while in general complex, may be chosen 
to be real or imaginary. 
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Note that it was necessary to introduce the superfields and T = for there to be any 
unidexterous F-terms, (|3.23j ) and ( |3.26| ). The Readers interested only in the ambidextrous 
haploid superfields (|2.1a— dj ) need not concern themselves with ( |3.23|) and ( |3.26| ), and the 



appropriate terms from the rest of (|3.3|) . 



3.7. Physical degrees of freedom 



Note that each term in Eqs. Q, ( |3T6|) , ( ^20|) , ( ^2l|) , (|3T23|) and ( |Q6l ) leads to a sepa- 



rately super symmetric term in the Lagrangian density (|3.3j ) . The plentiful of these expres- 
sions, if not already (|3.3|) and ( |3.4j ), make it clear that 2-dimensional (2,2)-supersymmetric 



models are far more diverse than iV=l supersymmetric models in 4-dimensional spacetime. 
Interdependent kinetic terms 

In models in higher dimensional spacetimes, the kinetic terms come entirely from the 
'D-terms' ( |3.5|) . In 2-dimensional spacetime, however, we find kinetic terms in all other 
contributions to the Lagrangian density, Lyy in ( |3.20|) , in ( |3.21|) , in (|3.23| ), 



in (|3.26| ) and Lq in ( |3.16|) . All of these then modify the 'standard' (D-term) kinetic terms. 

In particular and as discussed already in § |3.4j , the A-terms (3.4/, g), and in fact all the 
nine terms in the Lagrangian density (|3.4| ), contain terms that directly modify the kinetic 
terms for the components of the various superfields. This type of mechanism was used in 
Ref. [16] to prove that kinetic terms in fact can be invariant under renormalization flow; 
indeed, the kinetic terms emerging from all except Lo in (|3.4/i| ) are protected by the usual 
nonrenormalization theorems (see, e.g., p. 358 of Ref. [7] for an important caveat). 

A minor comment may not be out of place here. Educated on simple models with 
'flat' kinetic terms such as J d 4 <^$$ 3 (<9</>)-(<9</>), one is easy to skim over terms like 
(d^£ a ) (<9=r l ) as being trivial. Indeed, the simple D-term J d\AY 

[(djX) - 2zL + ][(d = r) - 2iR = ] 

= (d + £)(d = r) - 4L + R = - 2i(d + £)R = - 2iL + (d = r) , (3.31) 

= d + (£d=r) - AL^R = - 2id^(£R=) - 2id=(L + r) , 

turns into a total derivative, except for the non-derivative L^R= term. This clearly carries 
no dynamics for the spin-0 fields I and r. However, consider J d 2 ^(L>-|_A a )(L>_T l )Mai($), 



which is a special case of the third term in (|3.96|) . Upon fermionic integration, we obtain 
the 'kinetic' terms: 

-i[(c> + r) - 2iL%}[{d=r i ) - 2iRl]MaM) . (3.32) 

These definitely do not turn into total derivatives, as long as the 'metric' Mai((/)) is not 
constant; in fact, these provide non-trivial (^dependent kinetic (mixing) terms for the 
oppositely handed bosons l a and r\ 

Auxiliary fields and (non) linearity 

After having expanded the Lagrangian density into component fields by means of fermionic 
integration, we notice that a number of fields have algebraic equations of motion. By 
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contrast, fields with differential equations of motion are called physical. For example, 
consider using the [D-^ V )M^ by itself for a Lagrangian: 

L x = ±[D + ,B+]D_(B_ ( p i? )M i? \+ h.c. (3.33) 

The full component expansion is given in Appendix B.2. From there, we find 

= ^ = F"(M P ,„ + M^) + r- (K M ^p + K M ^a P ) 

dt (3.34) 

- r- (C+Mp,^ + xlM p ^ + t + M p ,az) , 

and the conjugate relation by varying with respect to F^. These are the equations of 
motion for F^ and F v . Wherever the hermitian matrix (M^ ?At + M^p) is invertible, the 
equations of motion can be solved for all the F's, and these solutions may be substituted 
back into the Lagrangian density. Writing for the matrix inverse of (M^, M + M^^), 
we'd have 

F» = M»* [V- (C+Mp,^ + X%M p ^ + t + M p ^) - r- W+Mvw + \%M D , &p j\ , (3.35) 

and a similar expression for Clearly, this is nonlinear in the fields: roughly, F is 

quadratic in the fermions, but the details depend on the choice of the Lagrangian density. 
Its substitution back in the Lagrangian density produces additional cubic and quartic 
terms, and so affects the interactions between the various fields. 

The relation ( |3.35| ) also enters in another important place. Prior to elimination of the 
.F's, the supersymmetry transformation of ?/>_ is 

= -^D_ (e-Q + e-Q)$| = -V2e+F + ... (3.36) 

which is linear in the fields (including the omitted terms). After substituting (|3.35|) , this 
transformation rule becomes nonlinear in fields, the details of this nonlinearity depending 
on the choice of the Lagrangian density. We will refer to these two incarnations of the 
supersymmetry transformation rules as 'linear' and 'nonlinear'. 

It is therefore logically backward to postulate a (nonlinear) set of supersymmetry 
transformations involving only physical fields, and then seek an invariant Lagrangian den- 
sity. Although the linear supersymmetry transformation rules for a superfield only depend 
on its definition, i.e., which superconstraints it might satisfy, the nonlinear transforma- 
tion rules depend on the choice of the Lagrangian density through the equations of motion 
for the auxiliary fields. In particular, modifications of the Lagrangian density (such as 
through varying moduli) also modify the non-linear supersymmetry transformation rules. 
In contradistinction, the linear transformation rules, with the auxiliary fields uneliminated, 
remain unchanged 10 - ) , determined entirely by the nature of the superfield itself. 



10 ) May the erudite Reader forgive this decidedly un-English but accurate agglutination. 
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4. Explicit Constraining 



The Lagrangian density (|3.3|) has been obtained as a sum of Berezin integrals over suitable 
subsets of the fermionic coordinates. The superderivative superconstraints ( |2.1|) and ( |2.3j ) 
(and easily also ( |2.19|) , should one desire) were implicitly and automatically used in the 
process. 

Of course, the Reader may instead wish to include such (super) constraints explicitly. 
To that end, and as disclaimed above, here we examine some simple Lagrangians which 
enable an explicit inclusion of (super) constraints, and so a more standard treatment of 
the unidexterous superfields. The present treatment, while inspired by that of Ref. [9], is 
hopefully a self-sufficient introduction to the topic. 

4-1. Chiral bosons 

One standard Lagrangian density for a 'chiral boson' is [8]: 

Lcb = (9+0) (9=0) + Z^(d =( p) 2 . (4.1) 

The inclusion of the constraint through a linear term, Z = (d = (p) would have left the dynam- 
ical degrees of freedom unhalved. Although (fiicr^) is gauged away, besides (fi(cr^) we also 
end up with Z = (a^), where Z = = f (Z = +d = s F <p), at least classically [17,18]. Note that upon 
imposing the constraint, d = (p = 0, the physical field <j>(o~^) and the Lagrange multiplier, 
ZT, drop out of the Lagrangian density ( |4.1|) , indicating that this Lagrangian density 
is invariant under a gauge symmetry. A straightforward calculation verifies that (|4.1] ) 
transforms into a total derivative under the Siegel symmetry transformation: 

S s( f) = K={d = 4>) , 

(4.2) 

S S Z^ = -(0+«T) - (9 = k=)^+ + « = (d=Z|) . 

The Lagrangian density Q4.1|) is also invariant with respect to a global inhomogeneous 
(axial) symmetry: 

S a (f) = a , 5 a ZX = , a = const , (4.3) 

which allows the interpretation of as a 'self-dual gauge scalar'. (Self-duality here means 
that d = 4> = (cr l 3 J — e % i)dj<fi = 0, where i,j = 0, land e 01 = 1.) 

The following two quite obvious observations will guide the construction of the (2,2)- 
supersymmetric version: 

1. the second term enforces the constraint(s) via the Lagrange multiplier; 

2. the remaining part of the Lagrangian (here, the first term) pertains to the uncon- 
strained field. 

These two features will then be required of the (2,2)-supersymmetric version. 
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4-2. Chiral lefton 



Consider a simple model, with one chiral superfield, $, governed by the following simple 
Lagrangian density: 



J CL — 4 



+ \Z~\D-<&\ 



(4.4) 



^5 


= -\{D_D_D + D + + D+D^ 


.D-D. 


,)Z=\, z= = z=\, 


Zx + 


= -i75 [jD +' jD +] jD - Z= l ' 






Z^- 


= ^[D- t D.]D + Z-\, 




= ws[D->D-)D + Z=\ 


Z P 


= -\D + D_Z=\ , 


Z F 


= -\D_D + Z=\ , 




= -\[D + ,D + ]Z=\ , 


Zz 


= -\[D_,DJ\Z=\ , 




= -\D + D_Z=\ , 


zi 


= -\D_D + Z=\ , 


Z i>a 


= ~72 DaZ ~\ ' 


zy 





Variation with respect to the Lagrange multiplier (general) superfield, Z^_, then produces 
the quadratic superconstraint, |D_$| 2 =0, which restricts the chiral superfield into a chiral 
lefton superfield ( 2.3a ). This one time we did include a term which ultimately leads to 
higher derivatives in the Lagrangian density. Defining the components of Z = as: 

(4.5a) 
(4.56) 
(4.5c) 
(4.5a 1 ) 
(4.5e) 
(4-5/) 
(4.5*/) 

where a = — , +. Note that all sixteen component fields of Z = act as Lagrange multipliers. 
The simple Lagrangian density (|4.4[) contains, among many, the following terms: 

L C l = i[(0=0)(0 + 0) + (0+0) (0=0)] " FF + f[(V>-0#-) + (4.6a) 
+ Z=[V'-V5-] (4-66) 
+ Z|[z(d=^_)^_ - (d=0)(d=0)] - Zz[z(<9=^_)?/>_ - FF] (4.6c) 

+ ±z=[(0 + = ^_)$_ + V-(0 + 0=^-) - 2(dif> + )(d$ + ) 

+ i(<9 + <9=0)(<9 = 0) - z(d=0)(d + <9 = 0) + i(d=F)F - iF(d = F)} (4.6d) 

+ ... 

where (Acfe) d = [A(<9F) - (dA)F]. 

Variation with respect to Zj^ imposes l^-l 2 = (so that -0- = = "0-), whereupon 
the subsequent constraints simplify. Variation with respect to Z7 and Z:r then imposes the 
constraints |(9=0| 2 = and |F| 2 = (so that (9=0 = = (9=0 and F = = F), respectively. 
This further simplifies the last shown constraint, so that variation with respect to Z = 
imposes the constraint \d = i()+\ 2 = (so that <9='0+ = 0). All the sixteen component fields 
of Z = drop out of the Lagrangian upon enforcing these constraints, indicating the presence 
of a generalization of the Siegel symmetry (fOI) . The net effect of the superconstraint term 
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in ( f4.4| ) then is to impose the constraints (and their conjugates): 

V>- = , F = ; (4.7a) 

d = <f) = , a = ^ + = ; (4.76) 

The first two of these, Eqs. ( |4.7a| ), halve the number of component fields in the chiral 
superfield ( |2.f qj) to those of the chiral lefton ( |2.3a| ); the second two, Eqs. (|4.75|) , ensure 
that the remaining component fields are left-movers. This completes the (initial, primary) 
constraining of the chiral superfield to a lefton chiral; the other quartoid fields ( ^.3| ) can 
be treated in the same fashion, mutatis mutandis. Furthermore, a similar treatment of 
the unidexterous haploid superfields ( |2.1e, ,f|) seems equally straightforward, albeit rather 
more beset with technical detail. 

The choice ( f4.4|) is not necessarily the most convenient. The simple alternative 

Lcl = \ j d\ $$> + {J d<^Z;|D_$| 2 , (4.8) 
produces a subtly different result. Defining a partial list of component fields of Z7 as: 

Z| = Z;| , Z= = i[£)_,D_]Z|| , (4.9a, b) 

(= = ^D_Z^\ , (= = ~^D_Z^\ , (4.9c, a 1 ) 

the constraint term becomes 
l[D_,D_}Zx\D_<!>\ 2 \ 

(4.10) 

= z=|v_| 2 - z; [\d =( p\ 2 + + zc;(a = ^)V- + i<^-{d=4>) . 

Variation with respect to Z = annihilates the fermions, ?/>_, Thereupon, variation with 
respect to Z^ sets d = (p = = d = (p. The auxiliary component field F and the fermions 
appear only in the expansion of the first ('kinetic') term. It is then their equation 
of motion that sets F = = F and d=i^+ = = d = i/)+. Thus, we are again left with the 
component fields of a (quartoid) chiral lefton superfield, and the sixteen components fields 
of Z J which disappear from the action upon enforcing the constraints. 

So, whereas the superconstraint term in ( f4.4| ) by itself reduces the chiral superfield to 
a chiral lefton and annihilates the 'kinetic' term in the process, the superconstraint term 
in (|4.8|) does only 'half of that, the rest of the constraining is effected by the equations 
of motion, derived from the 'kinetic' term in ( |4.8|) . Having demonstrated these two possi- 
bilities, we leave the application- and taste-dependent choice between these (and possibly 
other) alternatives to the Reader. 

4-3. The general model 

The skeptical Reader might inquire as to the relevancy of the above simple model ( f4.4|) to 
the vastly more complicated Lagrangian density ( |3.3|) , which are quite freely interspersed 
with the sundry unidexterous haploid and quartoid superfields. To that end, note the 
following simple facts about this Lagrangian density: 
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1. Terms that would involve any of the constraints (fOj) are implicitly projected out of 
the Lagrangian density ( |3.3| ) , during the fermionic integration — by its very definition. 

2. The Lagrangian density (|3.3| ) does not include any of the Lagrange multiplier super- 
fields enforcing the superconstraints ( ^TT[) and (|2.3|) , because of item 1. 



3. The Siegel transformations (|4.2| ) turn unidexterous field(s) into a multiple of the 
unidexterity super constraint. That is, the (unidexterity) superconstraints are the 
generators of the Siegel symmetry. 

The Lagrangian density (fOf), being implicitly restricted to the constrained (super)field 
space, is then trivially an invariant of the Siegel symmetry. So, at least at the classical 
level, there should be no obstacle to using the unidexterous superfields in all the ways they 
appear herein. 



One could instead relax the unidexterity superconstraints (|2.1e, ,f|) on the A's and T's, 
and impose these superconstraints explicitly through adding suitable Lagrangian multiplier 
terms to (a suitable subset of) the Lagrangian density ( |3.3|) . Finding thereupon a suitable 
generalization of the Siegel symmetry for this modified Lagrangian density, should guaran- 
tee a well-defined interactive quantum theory. This, or any other of the many approaches 
to constrained quantization, is however beyond our present scope. The Reader weary of 
the unidexterous quantization issues may of course safely use the Lagrangian density ( |3~3| ) 
with the unidexterous superfields carefully extracted. 

On the other hand, the axial symmetry analogue of ( |4.3[ ) for each of the unidexter- 
ous superfields is explicitly broken by each term where an inhomogeneously transform- 
ing component field of a unidexterous superfield appears without a spacetime derivative 
acting on it. Many, however, do not break the axial symmetries: consider the term 
J d 2 ^(L>_|_A a )(L>_T l )Mai($), obtained as a special case from ( |3.9fc| ), which upon fermionic 
integration yields 

- J[(d + r) - 2iL%}[{d = r i ) - 2iRi}M &t (<i>) + ^^0-^*^(0) 

r . . , (4-11) 

This involves £ a and r l , the lowest component fields of the lefton and righton superfields, 
only through their spacetime derivatives. Consequently, it is invariant under the two 
inhomogeneous 'axial' transformations: 5 a £ a = a a (where d^a a —0), and 8 a r l = a 1 (where 
<9 = a l =0), with respect to which all other fields are held inert. 

The inquisitive Reader is invited to sift through the multitude of individually su- 
persymmetric parts of the Lagrangian density (|3.3| ) and identify all the terms with such 
property, should this be a requirement of a desired application. 

Finally, the constraining Lagrangian density ( |4.4| ) could serve as a prototype of an 
excplicit constraining of the various constrained superifields [8]. For example, given an 
unconstrained complex (2,2)-superfield, O, and two unconstrained Lagrange multiplier 
superfields, Z = and Z^, the Lagrangian term 

| J d\ [z=(B-n)(D-U) + z*(B + n)(D + Ti)] , (4.12) 
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will constrain Q into a chiral superfield. Again, the maintenance of the generalization 
of the Siegel symmetry off the constrained superfield subspace and quantum issues are 
beyond our present scope. 



5. Wave-Punction(al)s and Geometry 

The Hilbert space of supersymmetric field theories is in many regards much simpler than 
the one in models without supersymmetry [19,20,21,22,23,24]. Although many of the 
known results have been derived for 2-dimensional supersymmetric field theories, the lack 
of present generality warrants another look at these issues. 

5.1. Vacua and Wave-Function(al)s 

The wave-function(al)s in supersymmetric theories are functions of the superfields and so 
admit a formal expansion in the fermionic fields. Local such wave function(al)s (in the 
2-dimensional spacetime sense) will then have a terminating Taylor series owing to the 
finite number of fermionic fields and their anticommutivity, and so must be multinomials 
in fermionic fields. 

A hallmark of fermionic fields is the fact that their kinetic terms are first order in 
time derivatives, so half the fermionic fields turn out to be conjugate momenta to the 
other half. The exact pairing of course depends on the exact choice of the Lagrangian 
density fl3.3|) . On the other hand, the identification of the 'canonical coordinate' and 
the 'canonical momentum' within any one canonically conjugate pair of fermion fields is 
completely arbitrary. 

In a second-quantized theory, we define a (Dirac) 'vacuum' state, |0), which is annihi- 
lated by precisely one half of the fermionic fields. Except, of course, the choice of precisely 
which half will annihilate |0) remains free. As well known, Eqs. ( |1.2|) imply 

+ = AH , (5.1) 

and so 

(H) = \({Q-,Q_}) + \({D + ,D + }) 

( 5 - 2 ) 

= ±[|Q-I 2 + IQ-I 2 + IQ+I 2 + IQ+I 2 ] >o, 

the equality reached precisely for supersymmetric states, i.e., those annihilated by all four 
supercharges. That is, in supersymmetric models, the Hamiltonian is positive definite, and 
its global minima (of zero energy, hence the true vacua) are the supersymmetric states. 

It is then the supersymmetric states, the true vacua, that we seek in a supersymmetric 
model, so as to erect the full Hilbert space by acting on these vacua with creation operators. 
In turn, the vacua, i.e., supersymmetric states are easily constructed from the 'vacua' |0). 
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Single species models 

Even if considering just a single species of fermionic fields, such as i/j±, ip± which appear in 
chiral superfields and their conjugates (as used in Wess-Zumino model), respectively, one 
easily finds six logically possible choices of such a |0): 



(c, c) 


vacuum : 


r + \o) (c , c) 


= 


= V- 


|0) (c 


c) ; 


(5.3a) 


(a, a) 


vacuum : 


^|0)(a,«) 
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= it 


l°>(a 


a) ; 
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a) ; 


(5.3d) 


Left 


vacuum : 


r- \o) L 
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= V- 
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Right 


vacuum : 


r + \o) R 
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=r+ 


l°>« 




(5.3/) 



We have assumed here that a degree of uniformity is to be required of the chiral su- 
perfields and their conjugates, so that all (un)conjugate fermions appear in the defining 
equations ( |5.3j ) on the same footing. In particular, the definitions ( p.3| ) are invariant with 
respect to any invertible linear transformation among the chiral superfields $ M (which 
commutes with the Lorentz symmetry, and so preserves spin), accompanied by the conju- 
gate transformation among their antichiral conjugates, Clearly, if (global) invariance 
is to be required only with respect to a subset of these transformations, several additional 
choices of |0) will be possible. 

For any one choice of |0), the half of the fermionic fields which do not annihilate 
|0) then act as creation operators, and states are constructed as multinomials in these 
'creation' fermions, acting on |0). Naturally, these wave function(al)s (states) built upon 
these 'vacua' will be called by the same names: that is, a (c, c) state will be built from a 
(c, c) vacuum, |0)^ c c y an (a, c) state from |0)^ a c \, and so on. 

Now, the kinetic term for the fermions is typically something like 

42= iG^[r + {d = r + )+r-{d^)\ , 

(5.4) 

where ip± = f dotp± is the time-derivative of ip±, ip± d = diip± its space-derivative, and 
G^v is the metric determined by the choice of the Lagrangian density (|3.3|) . Therefore, 

£0±a» ^ ftjjijjj- is the canonical conjugate of tp± > so that 

{#±^V4} = {V>±.V£} = G ^ ■ ( 5 - 5 ) 

Notice now that the fifth and sixth logical possibilities, tentatively called the 'Left' 
and 'Right' vacua in fact must vanish, since the two conditions ( |5.3e|) may be combined to 
yield 

= {if£,1>l}\0) L = -iG^\0) L , (5.6) 
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whereupon |0) = is inevitable. So, unlike (2,2)-superfields in 2-dimensional spacetime, 
there are only four types (two conjugate pairs) of (2,2)-vacua — for a single species of 
fermions. 

In a cx-model, the bosonic coordinates ', (f> v are identified as target space coordinate- 
valued world-sheet scalars. That is, they map the world-sheet (domain) into X (the target 
space). In a Fourier expansion (locally in X), the O-wavevector modes may be identified 
with local coordinates z, z in X. Then, half of the fermions ij)±,'ij)± can be identified with 
the differentials dz, dz, and the other half with the partials d, 8. We adopt: 

G>*^- h-> dp , 

■4)% i-> dz» , 

That the anticommutivity of and ip n b- matches the anticommutivity of dz, dz, stan- 
dard in differential geometry However, whereas the 'momenta' G^t^t and G^i/j^. also 
anticommute, the basis elements of the tangent bundle, d„ and commute. Neverthe- 
less, the above identification has proven of great use in the analysis of the geometry of 
supersymmetric field theory models. 

With the identifications ( |5.7|) , the (c, c) wave function 

| P , q-, h) M = -v^C 1 - ■ -C 9 |o) (C)C) (5.8) 

corresponds to the A p Tx-valued g-form 

h%:::%(<i>, ■ -Ac^Ad^A- • .aa^ . 

Similarly, the (a, c) wave function 

|p,?;w> (a>c) =a; Ml ... M ^ 1 ..., 9 (0,0)^ 1 --< I 'C 1 --< 9 |0} (a>c) (5.9) 
corresponds to the A p T£-valued g-form 

w M i -1**1 ^dz^A- ■ -Ads'* Ads* 1 A- • -Ad« p « . 

Supersymmetric states 

States which are invariant with respect to supersymmetry transformations are of very 
special interest [19]; we recall a few important facts here. Representing a supersymmetric 
state, let |*) stand for a wave-function annihilated by all supercharges. Then 

{Q±,Q±}\*} = & (H±p)\*}=0, (5.10) 

which is equivalent to 

p|*) = = H\*) . (5.11) 

That is, translationally invariant states of zero energy are supersymmetric, and vice versa. 

Now, the precise form of H, p, Q± and Q± (as operators on the field space) depends 
on the precise choice of the Lagrangian density ( |3.3|) . Restricting to translationally in- 
variant (world-sheet space-independent) states, is in many ways equivalent to completely 
disregarding the spatial extension of the world-sheet, and reducing from the 2-dimensional 



V- 

G^tp u + 



dz v 



d, 



(5.7) 
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(supersymmetric) field theory to (supersymmetric) quantum mechanics. In practice, this 
allows us to ignore the momentum density p and all the terms which involve world-sheet 
spatial derivatives; H correspondingly simplifies to the Fokker-Planck type Hamiltonian. 
For the case of Wess-Zumino models (those containing only n chiral superfields and their 
conjugates), these operators have been identified many years ago [21,22]. 

For the more general case involving more than just one species of superfields (|2.1|) , 
']), ( |2.19| ), etc., this remains unexplored, albeit straightforward. 



Three remarks 

Before we turn to a cursory look at multiple-species models, three general remarks are 
in order. These are based on the fact that the adjoint pair of (Dolbeault) differential 

operators 8 = dz^d^A and 8*, with the only non-zero anticommutation relation {8, d*} = 
Ag, where is the 9-Laplacian. Indeed, the correspondence between supersymmetric 
and cohomology theories, first noted in Ref. [19], stemms from the (formal) isomorphism 
between these and the pair of anticommuting differential operators D± , D± with the only 
non-zero anticommutation relation 

1. Corresponding to the two pairs d,d*, and 8,8* in differential geometry, we have 

and Q + ,Q + . Then, the supersymmetric analogue of complex conjugation 
in differential geometry is not hermitian conjugation but parity, P. Of course, upon 
Euclideanization, parity does act as complex conjugation on the (bosonic 'body' of the) 
world-sheet Riemann surface. On the other hand, the differential- geometric analogue 
of hermitian conjugation in supersymmetric models is the formal exchange d <-> d*, 
not complex conjugation. 

2. The analogue of is 2(H + p), i.e., d^; the analogue of Ag 2(H — p), i.e., d = . 
When complex conjugation is a symmetry of the target space (as it happens, but 
not exclusively, on Kahler manifolds), Ag = Ag. The analogous situation with the 
supersymmetry algebra and its representations happens when 2{H + p) = 2(H — p): 
in the sector of zero-momenum states, where p\*) = 0. Equivalently, this implies 

= d = , which holds on ^-independent functions, i.e., upon dimensional reduction 
to (supersymmetric) quantum mechanics. 

3. Being annihilated by both D + and D + , the righton superfields, T ( p.l/f) , are iso- 
morphic to 9-closed and co-closed forms, that is, to 8-harmonic forms. Similarly, the 
lefton superfields, A ( p.l/e|) , are isomorphic to enclosed and co-closed forms, that is, 



to d-harmonic forms. This correspondence has, to the best of my knowledge, not been 
observed before and its utility remains unexplored. 



Several species models 

With more types of superfields, and so more species of fermions, the number of different 
types (sectors) of 'vacua' and wave-function(al)s increases very quickly. 

Even if restricting to just the 'minimal' haploid superfields, there are many more 
species of fermions: tp±,ip± from (anti)chiral superfields, \% an d £-> X+ from twisted- 
(anti)chiral superfields, A" ,A" (and, if complex, their conjugates) from lefton superfields 
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and p l _, q 1 _ (and, if complex, their conjugates) from righton superfields. Half of these are 
canonically conjugate variables to the other half (the precise pairing depending on the 
precise choice of the Lagrangian density), so we in general expect six types of fermionic 
'creation' operators, not just two as above. Clearly, there will also be many more choices 
of|0). 

Consider a simple toy example with a single 'minimal' haploid superfield of each 
kind ( p.l|) and the Lagrangian density 



Uo Y =\ J d\($$-HS) (5.12a) 
+ I [y d^A+(D+D+A*) + /i.e.] , (5.126) 
+ i / d<^r = (D-D-y=) + h.c. , (5.12c) 



where, for simplicity, we require A^, T = to be real. Then, the first two terms produce 
the standard kinetic terms for the scalar fields <j> and x, their fermionic superpartners, tp± 
and ^_,x_|_, respectively, the auxiliary fields F, X, and their hermitian conjugates. The 
scalars and have their usual canonically conjugate momenta, and ifj- , ip + and £_ , x+ are 
canonically conjugate pairs. 

We then focus on the second part ( |5.125|) , which produces (up to total derivatives): 

O = i [(^ + ) + 2iL t\ 2 - d + x i ) • ^ 5 - 13 ) 

The equations of motion for Ljjj, \+ and A+, respectively, set: 

lJ = f (<9^+) , a + A* = o , a + A* = o . (5.14) 

Upon substituting the first of these back into the Lagrangian density, both Lt and £^ 

disappear from it, indicating a gauge symmetry. As for the fermions, on shell, A+, \+ = 
const. (Recall that <9 = A+ = 0.) 

More importantly, however, the boson has a well-defined canonically conjugate (£jjj- 

dependent) momentum, and A^ and A^ are canonically conjugate to each other. Similarly, 
the last part ( |5.12cj) dictates that pz and gz are canonically conjugate to each other. 

Thus, we can define sixty-four different (Dirac) vacua |0), annihilated by a choice of 
six fermions: 



t-\ ft + \ fl-\ Jx+l J A tl Jp: 



(5.15) 



where each braced pair indicates a free choice. Building upon these vacua, there are 
sixty- four (super) sectors of the Hilbert space — vastly generalizing the (c, c), (a, c), (c, a) 
and (a, a) sectors familiar from Landau- Ginzburg orbifolds, but present in any (2,2)- 
supersymmetric theory. 
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5.2. Haploid correlation functions 



In a model with the Lagrangian density (|3.3| ) , it is easy to define correlation functions for 
the various terms in (|3 . 3| ) . For example, let us denote by SiW the i th term that can be 
added to the superpotential W in (3.36). This means that each SiW is a chiral superfield, 
and so satisfies Eqs. ( |2.1q| ). Then, the correlation function 

(0\5iW---5 n W\0) (5.16) 

is also called chiral, since the product 8\W- ■ -S n W is chiral. Similarly, a twisted-chiral 
correlation function is the correlation function of a (product of) twisted-chiral object (s), a 
lefton correlation function of a (product of) lefton object(s), etc. 

The study of correlation functions simplifies on noting that in theories with unbroken 
supersymmetry, the vacua must be invariant under supersymmetry, and so annihilated 
by the supercharges Q±,Q±. This induces a number of 'topological' results [23,24,25], 
which will herein be refered to as 'rigidity', not unrelated to the mathematically standard 
notion of 'rigidity', and to avoid confusion with the mathematically standard notion of 
'topological'. 

The 'rigidity' results of the work on chiral correlation functions in Wess-Zumino mod- 
els [26,27,23,24] has a direct analogue for correlation functions of ambixterous haploid 
(and all quartoid) superfield operators. Given any two chiral superfields, $(crf , af ) and 

^(avf, o~2), which depend on two different points on the world-sheet, af,a^~ for i = 1,2, 
the basic result is as follows: 

(} .(0|$!$ 2 |0) = ^(0|{Q_, (Q_$!)}$ 2 |0) 



(5.17a) 



= ^(0|Q_(Q_$ 1 )$ 2 |0) + ^(0|(Q_$ 1 )$ 2 Q_|0) = 

=o =o 

since [Q±, $i] = 0, and 

^(0|$ 1 $ 2 |0) = i(0|{Q + ,(Q + $ 1 )}$ 2 |0) = 0, (5.176) 
do~{ 

in a similar fashion. The same, upon Q±^->Q±, is of course true for (0|$i$ 2 |0). 
By the same token, 



d 



d 



SiSa|0) =^(0|{Q_,(Q_S 1 )}S 2 |0) = 0, (5.17c) 



x<0|SiS 2 |0) =^(0|{Q+,(Q + S 1 )}S 2 |0) = 0, (5.17d) 

and the same for (0|SiS 2 |0). The same rigidity will hold for the quartoid superfields ( |2.3|) , 
as they all satisfy the superconstraints of some ambidexterous haploid superfield. This can 
be remembered easily by regarding $ L and $ R as two 'halves' of and $ r and as two 
'halves' of $. 
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The situation is quite different for the unidexterous fields: 
d 



(0|A 1 A a |0) = j-A0\{Q-, (Q_Ai)}A 2 |0> = , (5.176) 



holds again, but now 




Similarly 



+ (0|A 1 A 2 |0) = i(0|{Q + ,(Q + A 1 )}A 2 |0) = i(0|(Q + A 1 )(Q_A 2 )|0) j> 0. (5.17/) 



^(0|T!T 2 |0> =^(0|{Q_,(Q_T 1 )}T 2 |0) ± 0, (5.17h) 
-^(0|TiT 2 |0) = j- i (0\{Q+,(Q + ? 1 )}? 2 \0) = 0. (b.l7h) 



That is: 



1. Corellation functions of (products of) any one type of ambidexterous haploid super- 
fields ( |2.1a— a]) (and any quartoid superfields ( |2.3|) that obey the same superconstraint) 
are independent of the superfields' positions on the world-sheet. 

2. Corellation functions of (products of) unidexterous haploid superfields (|2.1e, /] ) are 
correspondingly unidexterous functions of the superfields' positions on the world-sheet. 

It should be clear that only the constrained superfields defined by the simple supercon- 
straints (|2.1| ) and (|Q1), which are linear in both superderivatives and superfields, posess 
this remarkable property of 'rigidity'. 

5.3. Target space geometry 

The field (target) space for our model is spanned by the physical component fields in 
the collection of superfields $, S, S, A, T. The entire Lagrangian density ( |3.3|) depends 
on a grand total of 3 rank-0, 24 rank-1, 32 rank-2, 12 rank-3 and 6 rank-4 (tensor-like) 
'coefficient functions' (and their complex conjugates) defined in ( |3.18|) , (|3.22[) , ( |3.24|) , ( |3~^ ) 



and ( |3.5| ). Even if the unidexterous superfields, A, T, <& i; $> R , $> L , & R and the non-minnimal 
superfields, G, G, EL, IT, were to be dropped, the Lagrangian density depends on 3 rank-0 
and 4 rank-1 coefficient functions, defined in (|3.18j ), (|3.22j ), ( |3~9| ) and (|3.5|): 

K(<f>,4,x,x) , W(ct>), E(x), 

_ _ (5-18) 

M p {<j>,x) , M0 y x) , M v {(j),x) , M a (<f>,x) , 



and the conjugates of all but K, which is real. Each term from Eqs. ( J3.18[ ), ( |3.22p , (|37 



and (|3.5| ) featuring one of these functions produces, upon the appropriate fermionc integra- 
tion, a separately and manifestly super symmetric term in the Lagrangian ( |3.3j ). Therefore, 
supersymmetry imposes no further condition on the coefficient functions ( |5.18|) and their 
complement, as defined in ( gTg) , (|3T22|) , ( |379|) and (gg). 
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Recall that the last four displayed coefficient functions in ( |5.18| ) contribute both to a 
variation in the D-term (i.e., a change of K) and a 'topological' term such as ( |3.15| ). Four 
other terms, 

\[D+, D+]D_ [(D-&>)M> + [D_E<*)M%] + h.c. 

~ - ~ ( 5 - 19 ) 

and l[D_,D_}D + [(D+$»)M« + [D+E^M*] + h.c. 

vanish on retaining only the chiral and twisted-chiral superfields: the coefficient functions 
Mf 7 , become constants, whereupon the repeated superderivative annihilates the term. 

Clearly, these rank-0. . .4, 'coefficient functions' are rank-0. . .4 tensor-like objects over 
the field space. However, it must be emphasized that these need not be global tensors 
of such rank! Consider for example the term (L>_$^)Mj 5 ($ i , S, A) from Eq. ( |3.96|) . 
The (co)vector M„ need not be a global (co)vector field over the space coordinatized by 
the (lowest components of) In particular, as used in Eq. ( |3. 1 1| ) and below, the 

(co)vector My may well be a contraction 

+ E a M a ^ + A a Mai> + . . . (5.20) 

Thus, the fact that in some application, the space coordinatized by the (lowest components 
of) $ M , Q v does not admit a global 1-form M^dcff does not preclude the inclusion in the 
Lagrangian density of the first A-term in Eq. ( |3.95|) . 

Furthermore, the coefficient functions in ( |3.18| ), ( |3.22j ), ( |3~l3| ) and ( |3.5| ) all admit some 



degree of arbitrariness, generalizing the well-known 'Kahler symmetry', K ~ K + /($) + 
/($), where /(<&)is an arbitrary function of the chiral superfields, and / its conjugate. In 
point of fact, the function K in ( |3.5| ) is defined only up to the very general reparametriza- 
tion: 

K($, $,E,...)~K + / ( _) + / (+) + /(_) + / (+) , (5.21) 

where 

D_/ ( _ 3 = = D+f {+) , D_/ ( _) = = D+f (+) . (5.22) 

That is, and f/±\ are arbitrary functions of any of the (superderivative) superfields 
annihilated by any one of the superderivatives; see Eqs. ( |2.30|) . For the other coefficient 
functions, the reparametrizing functions (such as the /'s above) must be annihilated by at 
least one more superderivative than the coefficient function that they reparametrize. For 
example, the superpotential obeys 

W~W + g L +g R , (5.23) 

where g L , g R are a chiral lefton and a chiral righton function. Clearly, g L , g R are nonzero 
only in models that involve chiral leftons and chiral rightons. 

It is then patently clear that the geometry of the field (target) space of general (2,2)- 
supersymmetric models is considerably more general than just Kahler manifolds with an 
assortiment of (holomorphic) vector bundles (or even sheaves). As it was known since 
Ref. [1] , even a model depending on just the first one of the seven functions ( |5.18|) provides 
more general geometries, further augmented by the two 'superpotentials', W{<f) and £(</>). 
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The continued extension of the geometrical structure relying on the inclusion of rank- 
2 coefficient functions W a p and was noted in Ref. [4]. These appear through the 
F-terms 

\ J d\ (D + Z a )(D-ZP)W a0 (<S>) , and \ J dV (D + ^)(D.^)E^(E) , (5.24) 



which are in fact special cases of the first two A-terms ( 3-9fc|) . To the best of my know! 



edge, this is the first time the four 1-forms in ( |5.18| ) have made their public appearance. 
Of course, if one insists on restricting to only chiral, twisted-chiral superfields and their 
conjugates, the seven objects ( |5.18| ) admittedly exhausts the list (subject to our general 
restrictions), with the latter four 'merely' modifying the D-terms and contributing 'topo- 
logical' terms such as ( |3.15| ). 

Note that, except for K which is real, all the coefficient functions are analytic of their 
arguments, and so holomorphic functions of their complex arguments. The Lagrangian 
terms in which they appear are not J d ^-integrated terms, whence they fall under the 
scope of the non-renormalization theorems [6,7]. More precisely, their contribution to the 
D-terms is subject to renormalization, but the complement of these contributions is not. 
That is, the Lagrangian terms involving all but the first of the functions (|5.18| ) (and all 
those omitted in ( |5.18|) !) are expected to provide marginal operators (and so deformations) 
in a quantum theory. 



6. Summary, Outlook and Conclusions 

In an attempt to provide a comprehensive but comprehensible intrinsic study of (2,2)- 
supersymmetric models in 2-dimensional spacetime, we purposefully avoid constructions 
based on dimensional reduction from 4-dimensions. 

A self-contained discussion of types of constrained superfields was given in § |[ These 
include haploid (quartoid) superfields, which depend on a half (quarter) of the fermionic 
coordinates. The 'minimal' haploid superfields are defined by a simple pair of first order 
superconstraints ( |2.1|) , while their non-minimal brethern are defined by one simple second 
order superconstraint ( |2.19| ). Quartoid superfields are defined by a simple triplet of first 



order superconstraints ( |2.3|) . All quartoid superfields ( |2.3|) , and two of six 'minimal' haploid 
superfields, those defined in ( |2.1e, Jh , are unidexterous (depend only on one world-sheet 



light-cone coordinate). Numerous other types of constrained superfields are discussed, 
albeit not as systematically, in § ^.6| . 

The possible choices for a Lagrangian density for the haploid and quartoid superfields 
are discussed in § ^. The otherwise infinite number of choices is curbed by demanding that 
the resulting equations of motion contain no higher than second derivatives on bosons, 
and no higher than first derivatives on fermions, and that no coefficient function turns out 
to have negative canonical dimension. This leads to the general form of the Lagrangian 
density ([[§), with terms supplied in ([T5|), Q, (EH), (EM> and The exhaus- 



tive construction and verification of supersymmetry of these Lagrangian density terms 
was facilitated by creating lists of (superderivative) superfields which are annihilated by 
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some subset of the four superderivatives (|2.29| ) and (|2.30j ). §|] discusses some issues of 
quantization of constrained superfields. 

Upon choosing a preferred Lagrangian density, one can turn to a study of the Hilbert 
space, the structure of the supersymmetric wave-functions, correlation functions, and the 
relations to the geometry of the target space. This is illustrated in § |5], where some of the 
basic results are recalled and generalized. 



6.1. Further topics 

En route, a nuber of issues have been deferred to a later study, and we recall some of these, 
for the sake of the Reader. 



Transformations and 'dualities' 

In §|L^, the group of discrete transformations of the 'soul' of the (2,2)-superspace (gener- 
ated by the four fermionic coordinates) has been studied. Two of these transformations 
have been identified as the root of two of the dualities in string theory: 

1. left-handed conjugation, C + , as being the root of mirror symmetry, and 

2. unconjugate parity, p, as being the root of the Type IIA^Type IIB duality [15]. 

Rather conspicuously, mirror symmetry is an actual symmetry of the total Hilbert space, 
while the Type IIA^Type IIB duality is not. At the same time, C+ commutes with 
Lorentz symmetry while p does not; more importantly, C+ is a symmetry of the su- 
persymmetry algebra (|1.6|) , while p is not. It is tempting to conjecture that this latter 



property of p makes it the root of a duality between two different string theories, rather 
than a symmetry of a single (super) string theory, as is the case with C+ and mirror sym- 
metry. In any case, these operations are but two elements of a discrete group, denoted in 
§ |1.3| as 2S4. The remaining 45 non-trivial operations may similarly generate additional 
'duality' ('triality', and even 'quadriality') relations among (super)string (and related) the- 
ories, and are well worth exploring. In particular, £4 is generated by one more independent 
simple swap. This third simple transformation (involution, i.e., self-inverse) should at least 
be of interest in (super) string theory. As noted, there is however a continuous group of 
transformations, GL(4, C), at least a subgroup of which could provide further insight into 
(super)string (and related) dynamics. This too seems to warrant a closer study. 



Dimensional reduction 

Supersymmetric quantum mechanics provides the underlying framework for understanding 
the general features of any supersymmetric field theory [19]. The present analysis of (2,2)- 
supersymmetric models in 2-dimensional spacetime can of course be dimensionally reduced 
to (2,2)-supersymmetric quantum mechanics. Since the Lorentz symmetry in 2-dimensional 
spacetimes is already abelian, it is not clear if any generality would be lost in this way. 
That is, it remains unclear whether a similarly intrinsic (ab initio) and comprehensive 
study of supersymmetric quantum mechanic would allow for possibilities not obtained 
by dimensional reduction from the results presented and indicated herein. The study in 
Refs. [28] deos seem to suggest this, in fact, Ko-fold so. 
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On the other hand, with no continuous Lorentz symmetry in supersymmetric quantum 
mechanics, the notion of chirality is now lost. Then, the spin labels (± sub- and super- 
scripts) as used in this article simply count the extended supersymmetries. This change 
has to be taken into account when translating the present results to various applications 
of N>4 supersymmetric quantum mechanics. 

Quantization 

Some of the issues of quantization of constrained superfields have been mentioned in § [|. A 
complete and detailed Hamiltonian (Dirac, BRST, etc.) treatment would seem to be well 
worth, especially in view of the apparent difficulties with unidexterous (super)fields; see 
above, and Ref. [10] for a recent account and further references. Suffice it here to note that 
both general approaches outlined in §|] have both advantages and drawbacks. While the 
use of unconstrained superfields allowes for a more straightforward quantization, it also 
requires many more component fields and a complementing set of gauge symmetries (to 
gauge away the extra components introduced by passing to unconstrained superfields). 

On the other hand, quantization of constrained superfields requires a detailed study of 
the full content of the constraints, and a proper enforcement by means of suitable Lagrange 
multipliers. As the component fields of the Lagrange multiplier superfields ultimately must 
disappear from the action, the proper Siegel (k-) symmetry must be identified and ensured. 

Gauge symmetries 

As noted from the outset, gauge symmetry issues (in a comparably comprehensive setting) 
are completely ignored herein, and are deferred to a later effort. Partial results may be 
found in Refs. [3,4]. 

However, quite unrelated to usual gauge symmetries, Eqs. fl2.22f) present a rather pecu- 
liar type of inhomogeneous 'gauge' transformations, where the supercoordinates themselves 
serve as generators. 

These are perhas not unrelated to the relation: 

{$ : D±$=0} + + r^ { -} , 

(6.1) 

where ^ ~ <&V + ^"$ (2) , ^ ~ + <T+$ (2) . 

Here, as throughout the article, the circle atop indicates that the superfield is uncon- 
strained. The supefields $W ma y b e regarded as i th order gauge parameters. That is, 
component fields of the originally unconstrained superfield $ are being elliminated by 
means of the (1st order) gauge transformation 

5$ = + <r<&L 1} . (6.2a) 

This, however, would attempt to gauge away some of the component fields twice (recall the 

doubly shaded region in Figs. 4 and 6), and so the gauge parameters, are themselves 
subject to a (2nd order) gauge transformation, 

= f+$( 2 ) , and ( y$W =c -$(2) j ( 6 .26) 
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with respect to which the first order gauge transformation ( |6.2a| ) is invariant. The compo- 
nent fields remaining in this sequential double quotient are the same as those in a chiral 
superfield. This sequential double quotient representation of the chiral superfield is ob- 
viously rather more involved technically. However, it also gives the chiral superfield the 
role of a gauge field (having an inhomogeneous transformation) , which is certainly not the 
usual case. The non-minimal chiral superfield also admits a similar description: 

{e : D + D_e=o} ~ {e ~ e + f-^+e (1) } , (6.3) 

which is a simple quotient by the inhomogeneous transformation 

50 = r? + 6 (1) , (6.4) 

as compared to the sequential double quotient, with respect to the cascading pair of in- 
homogeneous transformations ( |6.2|) , of the 'minimal' chiral superfield. Of course, the 
other haploid superfields, 'minimal' and non-minimal, admit similar quotient representa- 
tions. Quite generally, the constrained and the quotient representations are 'dual' in a 
well-defined sense: the former represents the kernel, the latter the cokernel of a mapping. 

The utility of this quotient representation as well as the duality between the quotient 
and the constrained representations remains unclear, and will require a study in its own 
right. It is however clear that it will be linked to the possible roles of the 'peculiar' 
inhomogeneous transformations, such as ( |2.22| ), ( |6.2| ) and (|6.4p. Note also that the quotient 
description has a direct implication in a BRST descrition: Eq. (|6.4|) induces a single set 
of ghost superfields, whereas Eqs. ( |6.2a, fcQ induce a set of ghost superfields, and a set of 
ghost-for-ghost superfields, respectively. 



Other superconstraints 

Finally, as shown in § 2J), the simple superconstraints ( |2.1|) , Q2.3] ) and ( 2.1 9|) barely skratch 
the surface of the incredibly rich category of superconstraint theory. While the abelian 
nature of Lorentz symmetry in <2-dimensional spacetime is the major reason of the much 
larger number of possibilities for defining superconstraints, several of the truly novel super- 
constraints of § |2.6| are equally well possible in >2-dimensional spacetimes! Unfortunately, 
no natural or systematic way of enlisting and studying these non-simple, non-homogeneous 
or non-linear superconstraints seems to present itself, and it is not even clear that any finite 
form of enlisting is even possible or whether such efforts are worth the trouble. 

Clearly, however, some of these do deserve a closer study, such as the family of su- 
perconstraints ( |2.49| ), which interpolates continuously between chiral and twisted-chiral 
superfields, and hence between models the IR regime of which is believed to correspond 
to mirror compactifications in string theory. A similar family interpolating between p- 
reflected models does not seem to be possible in 2-dimensions, as p does not commute 
with Lorentz symmetry. Even in supersymmetric quantum mechanics, a construction of 
such an interpolation is obstructed because p does not leave the superalgebra (|1.6| ) invari- 
ant. This seems to further deepen the chasm between mirror symmetry, as generated by 
C+, and the Type IIA^Type IIB duality, as generated by p. These and related issues are 
left for a subsequent study. 
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Appendix A. Notational Nitpicking 

Following Wess and Bagger's definitions [6]: 

^ def > ^ a = e a ^, j a = e a$ ^, (A.l) 

and 

= but ^x = ^r- (A.2) 

It follows that 

e d £ +e a ^ = 2,+," , D 2 d ^ ^D p D a = 2D + D_ , (A.3o) 

but 

? d ^+e.^ = 2,-,-+ , 5 2 d M e ^D a D $ = 2D_D + . (A.36) 
Therefore (recall Eqs. ( |1.5| )): 

Ua^ = iJ, £>V = -4, A*^ = 5\- 2 = -4. (A.4) 

Notice that Eqs. ( |A.1|) imply that 

<0- = -0+ , ip+ = , ^- = -0 + , = -<0_ , (A.5) 

We say that V' - = V'+ (and their conjugates) have spin — |, and = —ip- (and their 
conjugates) have spin +|. 

Fermionic Dirac delta-functions are utterly simple: e.g., 5(? + ) = S + ■ For multiple 

delta-functions, we must merely choose an order. Fixing S 4 (s) = f _ ^ + ^ + <^ _ so that 
Jd\5 4 (0 = 1, we find: 

6 2 (q) = q + q - , 5 2 {i) = , 5 V) = <r<r , (A.6) 

5 2 (f) = rc+ , 5 2 (^) = r<r + , 5 2 (<r ) = • (A.7) 

The following operatorial identities may be of help: 

[D+, D+] = 2(15+5+ - zd + ) , [D_,D_] ee 2(£>_D_ - zcL) , (A.8) 



whence 



Also, 



[£>_,£>_][£>+,£>+] = 2[D_, £_](£+£+ -zd + ) , 

ee 2[L>_, D-]D + D+ - Md^D-D- - 4d + d = 

= 2[L>+, 5+] -zcL) , 

ee 2[L>+, 5 + ]Z>_i5_ - 4id = D+D+ - 4d + d = 

[D-,D-]D- ee 2z<9 = £>_ , [_D_, .D_]Z)_ ee -2id = D_ , 
[D+, D+]D+ ee 2ZC+-D+ , [L>+, £+]£+ ee -2id + D+ , 



(A.9) 



(A.10) 



and 



([D 1 ,D 2 ]AB) = ([D 1 ,D 2 ]A)B + A([D 1 ,D 2 }B) + (-) A 2(D {1 A)(D 2] B) , (A.ll) 



for any two superderivatives Di, D2 and any two superfields A, B, and where 

. f A . 8 f commuting, 
L — 1 anticommutmg. 



Appendix B. Expounding Expansions 



For the benefit of the Reader unskilled in projecting onto component fields by means of the 
superderivatives in §EO, basic definitions and some simple consequences are listed here. 



B.l. Component fields 



Chiral superfield: D±& = 

$| = <p, D±$\ = V2if;±, D_D + $\ = 2F, 
[D-,B-]$\ = -D-D-$\ = -2i(d=(f>), 
[D + ,D+}$\ = -B + D+$\ = -2i(d + <j>), 
[D-,dJ\D+$\ = -D_D_D + $\ = -2i(d=i)+), 

[d+ , B+ \d_ $|_= -D + D + D_ $j = -2i(a + ^_ ; I, 

[D-,BJ\[D + ,D + ]$\ = -{D_,B_]B + D + $\ = -{D + ,B + ]B_D_$ = -4(<9 + <9 = 0). 

Antichiral superfield: D±<& = 

$| = <p, B±$\ = V2ifj ± , B + B_$\ = 2F, 
[D_,B_)$\ = D_B_$\ = 2i{d=f), 
[D + ,B + ]$\ =_D + B + $_\ =_2i(<9 + 0), 
[£>_, D-}D+$\ = D_D_D + $\ = 2i(d = f+), 
[D + ,B + ]B-$\ = D + D+D-$l=2i(d±1)-), 

[D-,DJ\[D+,D + ]$\ = [D_,D_]D + D + ®\ = [D + ,D + ]D_D_$ = -A{d^d = <j>). 

Twisted-chiral superfield: D_E = = D + E 

S| = x, D.E\ = V2C-, D+E\ = V2 X +, D_B+E\ = 2X, 
[D_,D_)E\ = -D_D_E\ = -2i(d=x), 
[D + ,B + }E\ = D+B+_E\ = 2i(d^x), 
[D_,D_]D+E\ = -D_D_D+E\ = -2i(d =X+ ), 
[D + ,D + }D_E\ = D+D + D_E\_=2i(d_^_), 

[D-,D-][D+,D+]E\ = [D-,D-]D+D+E\ = -[£>+, £>+]£>_£>_ S = 4(d + d = <P). 

Twisted-antichiral superfield: D-E = = D+E 

E\ = 0, DJE\ = V^e_, D + E\ = V2~x+, D+B_E\ = 2X, 
[D-, D-]E\ = D-DJE\_= 2i(d = x), 
[D + ,D+}E\ = -D+D+_E\ = -2i(d^x), 
[£>_, £>_]£>+S| = D.D.D + E\ = 2i(d =X +), 
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[D+,D+]D.E\ = -D + D + D_E[=-2i(d^_), 

[D_,D_][D + ,D + ]E\ = -[D_,D_}D+D+E\ = [D+, D+] D_D_ E = 4(0 + = x). 

Lefton superfield: D-A = = D_A 

A\ = l ± D+A| = V/2A+, 5+A| = V2% +: 

D+]A| = 4L + , £>+£>+A| = z(<9 + £) + 2L + , £>+£>+A| = - 2L + . 

Righton superfield: D + Y = = D + T 
T| = x, £>_T| = V2£-, B+r\ = V2 X +, 

[D-,D-]T\ = 4R=, D_L>_T| = i(d = r) + 2R=, D-D-T\ = i(d=r) - 2R=. 

Non-minimal chiral superfield: D+D-Q = 
0| = t, D±e\ = V29±, D-D+0\ = 2T, 

[D_,D_]e\ = 4T=, D-D-0\ = i(d=t)+2T = , D_D + <d\ = 2T T , 
[D+, D+]Q\ = 4T + , D + D + Q\ = i(d + t) + 2T + , D + D_Q\ = 2T±, 

[£>_,£>_]£>+ 6 1 =4V2t-, [D-,D-]D+e\ = -2^i{d=$+), 
[D + ,D + ]D-®\= 4V2r+, [D + ,D + ]D-<d\ = -2>/2i(0 + 0_), 
[D_,D_][D + ,D + ]Q\ = 4[(d = d + t) - 2z(«9 = T + ) - 2i(d + T=)}. 

No n- minimal antichiral superfield: D-D + Q = 
6| = I D±0\ = V29±, B + D-0\ = 2T, 

[D_,D_]e\ = 4T=, D-D-<d\ = i(d = t) + 2T=, D-D+<d\ = 2T T , 
[D+,D + ]G\ = 4T + , D+D + Q\ = ^(«9 + f) +2T + , D + D_@\ = 2T±, 

[D_,D_]D + Q\ = 4y/2f_, {D_,D_]D + 0\ = 2y/2i(d = -& + ) , 
[r» + , J D + ] J D_e|_=4_v / 2f + , [D + ,D + }D-0\ =_2y/2i{d^-), 
[D_,D_][D+, D+]Q\ = 4[(d = d + f) + 2z(«9 = T + ) + 2i(0 + T = )]. 

Non-minimal twisted-chiral superfield: D + D-U = 

n| = p, £>±n| = y/2ir±, p±n\ = V2w±, D_D + U\ = 2P, 
[D-,D-]U\ = 4P=, L>_Z)_n| = i(d=p) + 2P=, D-B+U\ = 2P T , 
[D+, D + ]U\ = 4P + , D+D+U\ = i(8 + p) + 2P + , £>+£>_ II | = 2P, 

[D_,D_]D+n| = -2v^i(0=7r + ) L [D_,I5_]i5 + n| = 4>/2£_, 
[D + ,L> + ]D_II|_= 4V2^+, [D+,D+]D-e\ = 2 v / 2z(a + ro_), 
£>_][£>+, D+]U\ = -4[(d = d +P ) - 2i(0 = P + ) + 2i(0 + P = )]. 

Non-minimal twisted-antichiral superfield: D-D + U= 

n| = p, D±H\ =\/2tc±, B ± U\ = V2w±, D__D + Ti\ =_2P, 

[£>_, B_]U\ = 4P = , D_B_U\ = i(d=p) + 2P = , D_B + U\ = 2P T , 

[D+,D+m = 4P + , D+B+Ti\ = i{d^p) + 2P + , B + B-fi\ = 2P, 

[D_,D_]D+n] =4v^^_, [D_,5_]D + n| =_2v/2i(a = 7r + ), 

= -2^(a + W_), [D+,D+] D-H\ = 4y/2<p+, 
[D_, D_][D+, D+]U\ = -4[(d=d + p)-2i(d=P^) + 2i(d + P = )}. 
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B.2. Projection technique 

As an example of the projection technique, below is the detailed expansion of the A-term 
^[D+, D + ]D-(D-$> v )Mp\, which has been discussed in § |3.4j . The uninitiated Reader 
should be able to follow each step and then apply this technique for any of the other parts 
of the Lagrangian density 



\[D+,D + )D_{D_&)M V \ 

= §[£>+,£+] [(2i0=$ p )M p + (D_^)(5_$ P )M P ,J| , (B.la) 

= l{(2td = [D + ,D + }^)M D + (2id = ^)([D + ,D+}M D ) 
+ 2(2id = D+$" )(D + M i? ) - 2(2id = D+^)(D+M i? ) 
+ [[D + ,S + ]p_^)(5_$ p )]M p , M + p_^)(D_$ p )([i? + ,S + ]M^) 
+ 2[^ + p_^)(S_^)](S + M^)-2[S + (D_^)(5_^)](D + M j7)M )}| (B.lb) 

= ||(2za = (2za + $"))M^ 

+ (2id = ^) [[D+D+fa +3)- (D+D+&) + [D+, D + ]A]M' V 

+ [D + (<S> + A),B + ($ L +3 + A)}M'J] 
- 4i(d = D + ^)[D+(^ + A)]M' P 

+ + (D_$ fX )([D+, B + }D_$ P ) 

- 2(D + D-^)(D + D + 2( D + D_^ )( D + D_^ ))M [} ^ 
+ (D_^)(D_^)[[D + D + (\+3) - (B+D+&) + [D+,B + }A]M^ 

+ [D+($ + A), D + {\ +3 + A)]M£ J 
+ 2[(D + D_$ fl )(D-$ i >) - (£>_$^)( £> + D_^ )l [D+($ L + 3 + A)}M' j? . 

-2 [( £+£>_ - (D-^)(D+D-^ P )] [D+($ + A)]M^}| , (B.lc) 

= ±{-4(d = «9 + 0*)Mp 

+ (2i0 = 0*) [[2id^ L +x-cf>) +4L + ]M^ + 4(^ + +A + )(4 + +x + +A + )M^] 
-8»(A a ^J)(^+ + A+)^ 

+ [2(-2id + ^)0/O + 2(^)(2i9 + V-) " 2(-2F")(2F*)]Mp JjU 

+ 2^C [[2ia + (^+x-0) + 4L + ]M^ + 4(^ + +A+)(^ + +x++X+)Af£J 

+ 4(-2^)C(4++X++A+)M^ + ^(F P )(V++A+)M^} , (B.ld) 

We have immediately used that = (2id = $>), and underlined the terms that 
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vanish because of the definitions D±<& = and D±Q = 0. Terms such as [£)+($ + A)]M£ 
are simply an abbreviation for 

[£)+($ + A)]M£ - [p+*')M p , p + (D + A a )M,, a ] . (B.2) 

Next, use that 

-A{d = d^ v )M D = -4d^[{d=4> v )M s \ + 4(a=0 p )[0 + (&+aH-0)]M£ , (B.3) 
and drop a few total derivative terms to obtain (after some straightforward algebra): 
\[D + ,D + ]D_{D_^)M^\ 

= [(d=P)(d^) +F»F* + | (r + d=^) + ^rJB^_)]M^ (B.4a) 

+ [(d = r)[l(d + n +zL + ] + |(^=A;)]Mp,a (B.46) 

+ z(cL<f) [^(C + M P)Ap + x+M,, Qp + X%M P , &P ) (B.4c) 

+ A5.(^ + M PjAg + X +M,, aS + A;M, ;aS )] (B.4d) 

+ [(^)M p , Ap + (d + x a )M^, Qp - {d^)M^ p ] + ^ p _r_L%M^ ap (B.4e) 

- F^_(4 A +M p , Ap + x^, Qp + 4Mp, Sp ) + $-F*{$%Mvm + X%Mu,a P ) (B.4/) 

+ [V+i^+M^ + X+M^, apa + X%M^ apa ) (BAg) 

+ X l M\M-~ % +xlM. A +Aj.M-.f)l. (B.4/i) 

Of course, the Lagrangian density must include also the hermitian conjugate terms. 

Besides the contribution to the 'standard' D-terms, leading with the terms in ( B.4q|) , 
notice the mixed kinetic terms in ( [B.46 ), the mixed 4-fermion (Fermi or Thirring) terms 
in ( [B.4gi — , and the terms in (p.4/'|) which change the (still algebraic, i.e., non-dynamical) 
equations of motion for F, F. Upon ellimination of these, the supersymmetry transforma- 
tion rules become non-linear in the fermionic fields, as discussed in the last part of §|3.7, 
and the terms in ( B.4/|) modify this non-linearity. 
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